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Abstract

This paper considers a general class of nonlinear rational-expectations models in which pol-
icymakers seek to maximize an objective function that may be household expected utility. We
show how to derive a target criterion that is: (i) consistent with the model’s structural equa-
tions, (ii) strong enough to imply a unique equilibrium, and (iii) optimal, in the sense that a
commitment to adjust the policy instrument at all dates so as to satisfy the target criterion
maximizes the objective function. The proposed optimal target criterion is a linear equation
that must be satisfied by the projected paths of certain economically relevant “target variables.”
It takes the same form at all times and generally involves only a small number of target variables,
regardless of the size and complexity of the model. While the projected path of the economy
requires information about the current state, the target criterion itself can be stated without
reference to a complete description of the state of the world. We illustrate the application of
the method to a nonlinear DSGE model with staggered price-setting, in which the objective of
policy is to maximize household expected utility.
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Forecast targeting has become an increasingly popular approach, both to the organization of
monetary policy deliberations and to communication with the public about monetary policy deci-
sions, at central banks around the world. In this approach, a contemplated forward path for policy
is judged correct to the extent that quantitative projections for one or more economic variables,
conditional on the contemplated policy, conform to a target criterion.! The present paper consid-
ers whether the conditions required for the conduct of policy to maximize welfare can be cast in
the form of such a target criterion.? We consider a fairly general class of stabilization problems,
in which the set of possible equilibrium evolutions of the economy is determined by a system of
forward-looking structural equations, representing optimizing behavior on the part of the private
sector. (Our abstract framework need not apply only to monetary policy, though that is the leading
example that motivates our formulation of the problem.)

We show that it is possible quite generally to choose a target criterion with two important
properties. First, we seek a target criterion that is consistent with the structural equations, and
that at the same time is strong enough to imply a determinate forward path for the economy. Thus
we must verify that there exists an evolution that satisfies the target criterion, looking forward
from any possible situation that may have been reached, and also that the evolution consistent
with the target criterion is unique. Second, we seek a target criterion such that the state-contingent
evolution determined by the criterion is optimal, in the sense of maximizing an ex ante expected
welfare criterion.

It might be thought that a sufficient solution to this problem would simply be to compute
the optimal state-contingent evolution of all endogenous variables, under an optimal commitment
chosen at some initial date g, and to refer to the solution to this problem at any later date ¢
to determine what forward path for policy from date ¢ onward is consistent with the optimal
equilibrium. In practice, however, such a once-and-for-all description of the optimal evolution
under all possible situations that can ever arise will be impractical, even for decision-making within
an institution like a central bank, let alone for communication with the public about the basis for

policy decisions.

'For further discussion and examples, see, e.g., Svensson (1997, 2005) and Woodford (2007).
This has previously been shown to be possible in special examples in Svensson and Woodford (2005) and Giannoni

and Woodford (2005). The present exposition offers a simpler expression for the optimal target criterion than in our
previous attempt at a general theory, in Giannoni and Woodford (2003a), in addition to allowing a considerably more
general class of possible objectives for policy, so that the present approach can be applied to problems, like the one

in section 4, where the objective of policy is assumed to be the maximization of household utility.



Policymakers have a great deal of information about the specific situation that has arisen, once
it arises, without having any corresponding ability to list all of the situations that may arise very
far in advance. The target criterion that we seek is accordingly one that allows a forward path for
policy to be selected at each date, looking forward from the particular situation that has arisen at
that date, without any reference to all of the paths that the economy might have taken but has
not.

Moreover, the target criterion that we propose can be stated without a complete description of
the state of the world in which it is to be applied. The target criterion is a linear equation that
must be satisfied by the projected paths of certain “target variables”; while a determination of the
forward path of policy required for the economy’s evolution to satisfy the criterion will involve fine-
grained information about the current state, the target criterion itself (which takes the same form
at all times and involves only a small number of target variables) can be stated without reference
to such a complete description of the state.

The methods that we use to derive the optimal target criterion are related to methods used in
the literature on (discrete-time, stochastic) optimal control, but our approach differs in important
respects. In the standard theory of optimal control (e.g., Anderson and Moore, 1979; Hansen
and Sargent, 2010), a “policy equation” is derived that specifies a vector of policy instruments
(or “controls”) as a function of a state vector that includes a complete description of both current
disturbances and all information available at a given point in time about future disturbances. When
the theory is extended to deal with optimal policy choice subject to forward-looking constraints,
the policy equation specifies the instruments as functions not only of the state vector but also of
a vector of Lagrange multipliers measuring the value of inducing alternative expectations about
conditions at an earlier date.?

The characterization we that seek is instead independent of the choice of the instruments of
policy — for example, the optimal target criterion for monetary stabilization policy takes the same
form, regardless of whether the central bank is expected to use a short-term nominal interest rate
as its policy instrument, or the money supply, in a model where one of the structural relations can
be used to determine the money supply required to achieve a given equilibrium interest rate and
vice versa — and instead specifies only a relationship that policy should aim to bring about among
“target variables” that can be influenced by policy. Moreover, we seek a relationship that can be

stated without reference to the complete state vector (which in practical applications must be a

$Important early expositions of this approach include Backus and Driffill (1986) and Currie and Levine (1993).



very large state vector, if one that can even be written down), and that involves only economically
relevant “target variables” — variables for which quantitative projections have meaning indepen-
dent of the particular model of the economy that may be used to produce the projections — rather
than abstract concepts such as the Lagrange multipliers associated with a particular optimization
problem. We also seek to provide a target criterion that involves the smallest possible set of target
variables, and the fewest possible leads and lags, given the structure of the model.*

The paper is organized as follows. Section 1 presents the general class of nonlinear optimiza-
tion problems including both backward-looking and forward-looking constraints with which we are
concerned. Section 2 derives a local linear approximation to the optimal equilibrium dynamics in
such a problem, and states some important algebraic properties of the coefficients of the equations
describing these dynamics. (Here we generalize standard results from the theory of optimal control
to a case in which the controls and their effects are not specified.) Section 3 then gives the gen-
eral form of the optimal target criterion, and establishes that it does indeed determine a (locally)
unique equilibrium that coincides with the optimal evolution characterized in section 2. Section 4
illustrates the application of the method to a nonlinear DSGE model with staggered price-setting.

Section 5 concludes.

1 A General Nonlinear Framework

We consider a general nonlinear forward-looking model describing the behavior of the private sector
and a general objective function for the policy authority, as in the analysis of Benigno and Woodford
(2008). In this section, we derive nonlinear first-order conditions for the policy problem, and use
these to define the steady state around which our local analysis of optimal stabilization in response

to shocks is conducted.

1.1 The Model

Consider the following optimal policy problem. The policy authority seeks to determine which
state-contingent evolution of the m-dimensional vector of endogenous variables {y;} for ¢ > to will

maximize the objective

WO = Eto Z Btitoﬂ- (yhét) ) (11)

t=to

1t is always possible to also propose more complex target criteria that would also implement the optimal responses

to shocks; see Giannoni and Woodford (2003a) for further discussion.



where 0 < 8 < 1, 7 (y, &) is a twice continuously differentiable function in all of its arguments, and
&, is a vector of exogenous disturbances. We assume that y; includes variables determined at date

t or possibly before. The evolution of these variables must satisfy the n constraints

Fy&iy—1) = 0 (1.2)

Eilg (e, & 9e01)] = 0 (1.3)

each period. Here F'(-) and g (-) are respectively k-dimensional and n— k-dimensional vector-valued
functions, twice continuously differentiable with respect to all of their arguments, where 0 < k < n.
The vector of exogenous disturbances &, is assumed to evolve according to some bounded stochastic
process (specified further below).

In order to state certain technical regularity conditions below, it is useful to state condition

(1.2) in a more general form when ¢ = ¢, instead writing

F (ytmfto;yto—l) - th (14)

where Fy, is a vector of k small quantities that may differ from zero.” The model structural relations
then consist of equation (1.2) for each period t > tg, equation (1.3) for each t > ¢y, and equation
(1.4), for given initial conditions ¥, 1, Fy,, and a given exogenous process {£,} for the disturbances.

We assume that n < m < 2n. The first inequality is necessary in order for there to be at least
one direction each period in which it is possible for policy to continuously vary equilibrium values
of one or more of the endogenous variables; the second (which simplifies the algebraic structure of
our problem,’ while it is not essential for our methods) implies that the number of independent
dimensions of policy is not too large relative to the number of endogenous variables in the model.
For example, in many classic treatments of monetary stabilization policy, policy choice is assumed
to be one-dimensional (the choice of the money supply, or of one nominal interest rate, each period),
so that m = n + 1,7 and this is the case for which we present the most thorough analysis.

Note that in this formulation of the optimal policy problem, we do not specify the “instruments”

of policy, and write a set of structural equations that should completely determine the evolution

®The idea is that we wish to consider perturbations of the initial conditions for the policy problem that do not
necessarily correspond to changes in the specified values for y:,—1 and £, . The point of the distinction is that we
wish to consider optimal policy in the case of non-zero values of F}, even when specifying that the process {£,} is

equal to & with probability one at all times.
See discussion following Assumption 2 below.
"See, for example, Clarida et al., (1999), Giannoni and Woodford (2003b), or Benigno and Woodford (2005).



of the endogenous variables under any given evolution of the instruments.® Instead, equations
(1.2)—(1.4) represent the conditions that must be satisfied in equilibrium under any possible policy
(as a result of optimizing private behavior), which may or may not even involve all of the intended
instruments of policy; the existence of instruments under the control of the policy authority is
represented by the incompleteness of the set of equations (1.2)—(1.4) relative to the number of
endogenous variables to be determined. (Because n < m, the variables y; are surely not uniquely
determined by the structural relations, even if some subset of them may be, as discussed in Propo-
sition 2 below.) We do not specify the way in which the available instruments of policy must be
adjusted in order to bring about a given state-contingent evolution of the endogenous variables,
but we assume that the set of equations (1.2)—(1.4) represents a complete set of constraints, so that
any evolution of the variables y; consistent with these equations (and satisfying certain bounds, as
discussed further below) can in fact be achieved under some policy.

We proceed in this way in order to make it clear that the optimal target criterion does not
depend on the choice of the instrument of policy that is adjusted in order to comply with the
target criterion. For example, the instrument of monetary policy might be either a short-term
nominal interest rate, or the quantity of base money (to consider two familiar cases). The model
structural relations may include an equilibrium relation linking these two variables (the condition
required in order for the demand for money at the given interest rate to equal the supply of money),
but no equation specifying the central bank’s operating target for either variable. The structural
relation may be taken to determine the implied nominal interest rate, if the quantity of money is the
instrument (as in traditional textbook accounts); or it may be taken to determine the endogenous
quantity of base money, if the interest rate is the central bank’s instrument (as in the case of most
actual central banks). The optimal target criterion that the central bank should seek to satisfy is
the same in either case, and depends only on the set of structural relations (possibly including the
coefficients of the money-demand relation).

In addition, we assume that the policymaker considers only paths for the economy consistent

with initial pre-commitments of the form

g (ytofla gtofl; yto) = gtoa (15)

where g,, which may depend on the exogenous state at date ¢y and on predetermined variables,

is chosen according to a self-consistent rule (as discussed further below). If we were instead to

8This is an important difference between our current approach and the characterization of optimal policy in

Giannoni and Woodford (2003a).



consider the problem of maximizing (1.1) subject only to constraints (1.2)—(1.4) and the initial
conditions 1, 1 and Fj,, the optimal solution would in general not involve a constant value of y;
even in the absence of random disturbances (in the case that k < n, so that one or more of the
structural equations is forward-looking). As a consequence, the unconstrained optimal (or Ramsey)
policy cannot generally be described by a time-invariant policy rule; a target criterion designed to
implement this policy would have to be indexed by the time that has elapsed since the date at
which the optimization was performed.”

Here we consider the simpler problem of characterizing policy that is optimal subject to a par-
ticular kind of pre-commitment of the form (1.5). “Self-consistency” of the initial pre-commitment
means that g, is determined by a rule which is also satisfied for all ¢ > ¢y under the policy that
solves this optimization problem, so that the policy chosen can be viewed as fulfilling a commit-
ment that would optimally have been made at an earlier date.!’ Formally, we require that g, be
determined by a function of the form gy, = g(§;,;et0—1), Where €41 is some vector of sufficient
statistics for the history of the endogenous variables up until period tg — 1,!! with the property

that under the optimal policy subject to these pre-commitments,

9(ye—1,&1:9) = 9(&ei—1)

in each period t > tg as well.

Choice of an initial pre-commitment of this kind results in a problem for which the solution is a
steady state (y; = g for all t > tp, for some vector g) in the absence of random disturbances (i.e., in
the case in which ¢, = £ with certainty for all ¢), and we can approximate optimal policy in the case
of small enough disturbances by linearizing around this steady state. Moreover, the constrained-
optimal policy (hereafter simply called “optimal policy”) can be described by a time-invariant rule
for the determination of ; as a function of exogenous and pre-determined state variables, and as a

consequence it is possible to implement the policy using a time-invariant target criterion.

9Even more problematic for our purposes, it would not be possible to compute a linear approximation to optimal
policy by linearizing around steady-state values of the endogenous variables; it would instead be necessary to linearize
around a non-constant path for the variables y:, greatly increasing the number of derivatives that would have to be

evaluated in order to apply such an approach.
10We have elsewhere called this a policy that is “optimal from a timeless perspective.” See Woodford (1999, 2003),

Giannoni and Woodford (2003a) and Benigno and Woodford (2008) for further discussion.
Y'This vector may include not only lagged values Yto—j, but also lagged forecasts Ei,—;yso—j+k, for arbitrary

7,k > 1. See section 3.3 for a precise specification.



1.2 Nonlinear First-Order Conditions for Optimal Policy

We wish to characterize the state-contingent evolution {y;} for ¢ > o that maximizes (1.1) subject
to the constraints (1.2)—(1.5). A Lagrangian for this (exact) nonlinear optimal policy problem is

given by

o0

Li, = Vi + By Z BOOLF (ye, &4 i—1) + O (Yt &4 Y1)

t=to
+571@20719 (yto—laftofl;yto)

oo

= Ly Zﬁt_to (7 (Y1 &) + O01F (1, &5 9e-1) + 870419 (ye-1, & 15 91) | (1.6)

t=to
where 6; and ©; are vectors of Lagrange multipliers of dimensions k£ and n—k respectively, associated
with the constraints (1.2)—(1.3) for any date ¢ > #,'? and [3_162071 is the vector of multipliers
associated with the constraints (1.5). Differentiating with respect to y; we obtain the m first-order

conditions (FOCs)

Dim(y,&) + O.D1F (yi,&439e—1) + BE: [0141D3F (yes1. &1 1) |
+ By [0/D1g (i, & yes1)] + B0, _1D3g (y1—1,&_159¢) =0 (1.7)
at each date t > to, where D; denotes the vector of partial derivatives with respect to the jth

argument of the function considered.

These FOCs can be written more compactly as

(D17 (Y1, €)' + Eu [A (vt v €41, &) €oa1) — B (Yoo ye—1.€4,&1) 1 = 0, (1.8)

where ¢, 4 is an n-dimensional vector, and A (yt+1, Yt &t ft) and I (yt, Ye—1,&4, §t,1) are (n X m)
matrices defined as

P10 | | On

Pt O

BD3F (yes1, €415 1)

D1g (Y, €45 Ye41)

Pt+1

A (yt+1, yt7€t+l7€t) =

—BD1F (yt, &5 Y1—1)
| D39 (ye-1,&-150t)

I_ (yta Yt—1, €t7 gt—l)

These FOCs are necessarily satisfied by the optimal equilibrium, if one exists, but a solution to the

FOCs is not necessarily an optimum. We shall assume, however, that an optimum satisfying the

12To be more precise, 0y, is the vector of multipliers associated with constraints (1.4).



FOCs does exist; and under further assumptions stated below, a bounded solution to the FOCs
will also necessarily correspond to an optimum.
Note that (1.6) is also the Lagrangian for an alternative problem, the problem of choosing a

path {y;} to maximize the modified objective

Vio +5_1@20_19 (ytoflvgtofl;yto) (1.9)

subject to the constraints (1.2)—(1.4) for dates ¢ > to. In this alternative formulation, the vector
Oy,—1 is part of the data defining the problem, just as the vector g, is in the problem stated earlier.
Since the Lagrangian for this alternative problem is the same, the set of first-order conditions is
also identical to the ones given above. Therefore, any solution to the first type of problem for some
choice of the vector gy, is also a solution to a problem of the second type for some choice of the
vector ©,_1, and vice versa. The modification of the policy authority’s objective as in (1.9) is an
alternative way of requiring it to take account of the value to a policymaker at an earlier time of
being able to anticipate a particular kind of policy from date tq onward.'3

The fact that ¢y, = ©;—; means that these multipliers are determined a period in advance
(unlike the elements of ¢, ;). Hence a further requirement for consistency of the multipliers {¢;}
with an optimal plan is that

Yot — Ei—19, =0 (1.10)

for all ¢ > to. In addition, ¢, is given as an initial condition (in the case of the modified problem
defined by a vector of initial multipliers ©4,_1). Alternatively, we adjoin an initial pre-commitment

(1.5) to the set of structural equations, and leave the vector ¢, to be determined endogenously.

1.3 Optimal Steady State

If an optimal steady state (an optimum in which y; = g for all ¢, under the assumption that &, = ¢

for all t) exists, it will be described by constant vectors (g, o, E) satisfying

F(y.&9) = 0, (1.11)
9(7.&9) = 0, (1.12)
(Din) + (A-B7'D) e = 0, (1.13)

13This alternative way of requiring the policymaker to internalize the consequences of a prior commitment is used,

for example, in Marcet and Marimon (1998), Khan et al. (2003), and Svensson and Woodford (2005).



where Dim = Dy (g,g) , DjF = D;F (g,é; gj) ,Djg=Djg (g,g; gj) for 7 =1,2,3, and

A

A(7,5,€,€)
1(5,5,€,¢€) -

~
Il

We shall suppose that such a steady state exists; in fact, we make the more specific assumption

stated below.

Assumption 1 (a) Let a vector £ of “steady state” values of the exogenous disturbances be given.
Then there exist vectors § € R™ and p € R™ such that if y1,—1 = §, Ot—1 = O [= @4, Fy, = 0 and
&, = € with certainty for all t > to — 1, the optimal policy [the one that mazimizes (1.9) subject to
constraints (1.2)—(1.4)] involves y; = y with certainty for all t > t.

(b) Moreover, for any small enough neighborhood Ny, of g, there exist neighborhoods Neg of
O, Ny of 0, N of 0, and Na C N, such that for any yt,—1 € Na, O—1 € No, Fyy € N, and
a disturbance vector & = & for all t > tg — 1, the optimal policy involves y; € Ny with yy — ¢
as t — oo. Moreover, there exists a sequence of multipliers {¢,} consistent both with the specified
initial conditions and with the FOCs (1.8) for all t > to, such that p, € No x Ny for all t > to,

and ¢, — P as t — oo. Finally, the convergence is exponential: there exists 6 > 1 such that
lim 6% (y; — ) = 0, lim 6%(p, — @) =0 (1.14)
t—o00 t—o00

for any initial conditions in the specified set.

(c) There also exists a neighborhood Ny of the vector g = 9(7,&9) and a diffeomorphism
v : No x Na x Np —>Ng x Ny x Np

with the properties
’72(@,3/,F):y, ’73(@73/7F):Fa

such that for any Oy _1 € No, a path {y:} for t > to maximizes (1.9) in the case of this vector
of multipliers, initial conditions (yi,—1, Fy,), and a specification that &, = & for all t, if and only if
it maximizes (1.1) subject to the initial pre-commitments (1.5), where Gi, = Y1 (Otg—1,Yto—1, Fto ),

and the same initial conditions (yt,—1, Fy,). Moreover, the matriz I' = D~(©) is non-singular.

Assumption 1 implies not only that a steady state exists, but that in the case of any initial

conditions close enough to consistency with the steady state and no stochastic disturbances, the



optimal equilibrium will remain forever near this steady state, and converge to it asymptotically
(indeed, at an exponential rate). We also assume that the Lagrange multipliers associated with
the optimal policy remain forever near their steady-state values and converge exponentially as well.
It then follows that for any small enough neighborhoods of the steady state (as specified in the
statement of the assumption), there must exist a neighborhood Ng of €, such that the optimal
dynamics will also involve y;, € N, and ¢, € Ng x N for all t > t; as long as §; € Ng for all
t > to — 1, though of course there is no convergence to the steady state in the stochastic case.
This makes it possible for us to analyze optimal stabilization policy in response to small enough
disturbances through a purely local analysis of equilibria in which the endogenous variables
remain forever near the steady-state values § and the multipliers {¢,} remain forever near the
steady-state values .

Assumption 1(c) implies that in the case of all initial conditions close enough to consistency with
the steady state (which is to say, all of those with which we shall be concerned in this paper), there
is a unique problem of the first type (defined by a vector of pre-commitments g,) corresponding
to each problem of the second type (defined by a vector of initial Lagrange multipliers ©,_1), and
vice versa. The additional stipulation that the mapping v has a non-singular Jacobian matrix is
only a slight strengthening of the assumption that the mapping is invertible near the steady state;
this is necessary to allow us to assert a similar equivalence between the linearized versions of the
conditions that characterize the two kinds of optimal plans.

Assumption 1 implies the existence of steady-state values (g, ») that satisfy conditions (1.13),
associated with the given stationary vector of values £ for the exogenous states, and further implies
the existence of a solution to the FOCs, in which the variables y; and ¢, remain forever near their
steady-state values, in the case of any small enough perturbations in the initial conditions. It is
these local solutions to the FOCs (1.8) that we wish to further characterize, through the linear
approximation presented in the next section. Under relatively weak regularity conditions, we show
that there must be at most one solution to the FOCs that remains forever near the steady state,
which solution must (by Assumption 1) be the optimal equilibrium. Hence it suffices to find a
target criterion with the property that a path for the endogenous variables that is feasible under
some policy, that remains forever within the neighborhood Ny, and that fulfills the target criterion
at all times (i) exists in the case of all initial conditions near enough to consistency with the steady
state and all small enough disturbances, and (ii) must also satisfy the FOCs in all periods, in order

for us to conclude that fulfillment of the target criterion is necessary and sufficient for the intended

10



future evolution of policy to be optimal, again in the case of all initial conditions near enough to
consistency with the steady state and all small enough disturbances.

We do not here seek to provide more fundamental assumptions under which Assumption 1 is
necessarily valid. In practice it is relatively straightforward in applications to verify the existence of
a steady-state solution to the FOCs (1.13). It is also straightforward to evaluate the second-order
conditions [SOCs] that tell whether this solution represents a local welfare optimum, discussed fur-
ther in section 2.2.1 below,' and to analyze convergence to the steady state in the deterministic case
for initial conditions close enough to consistency with the steady state, as these involve algebraic
properties of the derivatives of the functions defining the problem, evaluated at the steady-state
values of their arguments. The more difficult question is verification of the global optimality of the
local optimum represented by a solution to the FOCs and SOCs. We do not address this here, but
assume that it is satisfied in an application of interest.

Finally, note that while we assume the existence of an “optimal steady state” in the sense
that optimal policy involves constant values of the endogenous variables in the absence of random
disturbances, we do not assume that the steady state near which we conduct our analysis is an
undistorted steady state. That is, we do not assume that in the absence of disturbances and under
suitable initial conditions, there would exist a policy that achieves the unconstrained maximum
of the function 7(y; E) each period. Our methods are applicable to problems in which there exist
distortions, the severity of which depends on policy, but that cannot be eliminated at all times by
any policy. For example, in the application treated in section 4, the steady-state level of output
may be inefficiently low, owing either to market power or to tax distortions, even under the optimal

monetary policy.

2 Linear Approximation of the Optimal Equilibrium Dynamics

As long as we are interested solely in small enough perturbations of the steady-state policy problem,
of the kind described in Assumption 1, we can approximate the optimal solution for y; as a function
of the initial conditions (ys 1,841, Fiy,©4,—1) and the history of disturbances (tgr---+&) by a
linear function of these variables, where the coefficient on each variable represents the partial

derivative of the optimal y; with respect to that variable, with all partial derivatives evaluated at

"Benigno and Woodford (2008) present an alternative formulation of the SOCs that has some advantages from a

computational standpoint.
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the steady state referred to in Assumption 1. And as usual, the implicit function theorem allows
us to calculate these derivatives by solving linearized versions of the conditions that describe an

optimum, where the linearizations are all computed at the steady-state solution.'?

2.1 Approximation

Local approximation of the optimal equilibrium dynamics requires us to solve a system of linear
difference equations consisting of linearizations of two sets of nonlinear equations: the structural
equations (1.2)—(1.4) on the one hand, and the first-order conditions (1.8) on the other. We linearize
these equations around the steady-state values of the arguments (y; = 7, ¢, = @ and &, = £ for
all t), where § and @ are the optimal steady state values (assumed to exist in Assumption 1) in
the case of the constant vector € for the exogenous variables. We will denote the deviations from
steady-state values by ¢ = v+ — 4, ¢, = @ — P, ét = ¢, — &, and derive local approximations for the

case in which these terms are small. Specifically, we consider the family of stochastic processes

& =&+ ewy

indexed by a parameter ¢ > 0, where {u;} is some bounded process (held fixed as we consider
variations in €). We wish to characterize optimal monetary policy for the case in which € is
sufficiently small (though still positive), by computing solutions for the state-contingent evolution
of all endogenous variables that are accurate up to an error that is at most of size O(e?). To
economize on notation, we shall assume that the disturbances {£,} evolve in accordance with a

linear first-order vector autoregressive process,'% so that

Etgt—i—l = an (2-1)

where o is a matrix such that ||g|| < 1.
The following Lemma summarizes the linear approximations of the structural equations and

first-order conditions.

Lemma 1 Assuming that the exogenous disturbances satisfy (2.1), a first-order approzimation of

the structural equations (1.2)—-(1.3) around the steady-state can be written as

[Eji1 = A+ C8, (2:2)

1»See Woodford (2003, Appendix A.3) or Benigno and Woodford (2008) for further discussion.
1Note that this allows for serial correlation of arbitrary complexity in the disturbance processes, as long as the

vector &, is assumed to include a sufficient number of lagged disturbances.

12



for all t > tg, omitting terms that are merely of second order,
I (gt — Ey—1yj) = D (Et - Et715t> (2.3)

for all t > to, where I and A are the same matrices as in (1.13), [ = —BD1F, Ay = BDsF are the

k x m matrices consisting of the first k rows of I, respectively A, and

BD2F o
Dog

y DE,BDQF.

The linearized version of the initial conditions (1.4) can be expressed as
L, = A1Gig—1 + Déto — BF,. (2.4)
Similarly, a linear approzimation of the nonlinear first-order conditions (1.8) takes the form
0= E, [(BR + SL+ RL?) 1] + Fi [(A — gLy cfot+1} B, [B (L) ém] . (2.5)
where L denotes the lag operator and we define

R

(9' ® I, )Dg [(D1F)] + (0 @ I,) B D1 [(D3g)'],
5 = D[]+ (0 o 1) {D1 (D\F)'] + BDs [(DsF)']}

+ (0" @ Im) {D1 [(D19)'] + B ' D3 [(D3g)'] } .

and

B(L) = {02 (D)) + (0 @ 1) D2 [(D1F)] + (8 @ In) D [(Drg)] } - L
+571(&' @ I,) Dy [(Dsg)'] - L2 + 8 (é’ ® Im) Dy [(DsF)] .

Finally, a linear approximation of (1.10) yields
— Et—l@zt =0 (2.6)
for all t > tq.

Note that the matrices I, A, I1, A1, D, S, R, and the matrix polynomial B (L) are independent of
the specification of the shock processes, and in particular of the matrix p. The proof of the lemma

is in Appendix B.
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2.2 Regularity Conditions

Our analysis relies upon some further properties of the matrices of coefficients of the linearized
structural relations. Here we state these additional assumptions and discuss some of their impli-
cations. The assumptions are not too restrictive, but allow us to simplify our analysis and the
statement of our results in important respects.
The linearized structural equations are valid only locally, so that it makes sense to consider only
solutions to these equations that are bounded, i.e., that satisfy the bound
|7]| = esssup || < oc. (2.7)
t>to

We shall state our further regularity conditions in terms of the matrices I and A.

Assumption 2 (a) The matrix

~

(2.8)

o

is of full column rank, i.e., of rank m.
(b) In addition, the matriz pencil I — pA is of rank n. Hence its rows are linearly independent;

that is, there exists no vector () # 0 of polynomial functions of u such that
o)l —pA] =0 (2.9)
for all u. Moreover, there exists no vector p # 0 such that
@'l — BA] = 0. (2.10)

Assumption 2(a) requires that m < 2n, as mentioned earlier; thus the number of independent
dimensions along which policy can be varied is not too great, relative to the number of dimensions
of variation that are possible in the endogenous variables. However, in the case that m < 2n, the
assumption holds for generic matrices of coefficients I and A. If Assumption 2(a) did not hold, the
vector y; would involve redundant state variables, that could be eliminated altogether, as far as the
structural equations (2.2) are concerned. These variables may not actually be redundant, because
they might nonetheless matter for equations (2.3)—(2.4); but we abstract from this complication
here, and instead assume that it is possible to write the system in terms of a vector of m endogenous
variables for which Assumption 2(a) is satisfied.

Assumption 2(b) similarly implies that there is no redundancy among the separate structural

equations (2.2); it is a stronger form of linear independence assumption, since it also excludes the
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possibility that some equation in the system (2.2) is implied by conditional expectations of leads
of other equations in the system. The further stipulation in the last sentence is the algebraic
condition required for uniqueness of the steady-state Lagrange multipliers { associated with the
optimal steady state 4y around which we conduct our local analysis.

Assumption 2(a) could equivalently be stated as a property of the pencil I — pA: there exists
no constant vector i # 0 such that

(I —pAly =0
for all p. But it is not possible to make a similar statement about the nonexistence of polynomial
solutions; for the fact that m > n implies that there must exist polynomial functions y(u) such
that
[ — pAly(p) =0 (2.11)

for all p. Assumption 2(a) implies only that all such solutions must be of order greater than zero

in u.
2.2.1 Second-Order Conditions

We shall make use of a further regularity condition, involving the matrices R and S, in addition to
the regularity conditions involving the matrices I and A stated above. This is a second-order con-
dition for the optimality of the steady state that represents a slight strengthening of the conditions
already implicit in Assumption 1.

Let {y;} be a bounded sequence of vectors of dimension m, not all equal to zero, such that
Iyy = 0, Ay; — Tyiy1 =0 forall i>0. (2.12)
Then let us consider a perturbation of the path {7}, replacing g,4; with
Yrti + €Y

for all ¢+ > 0 and an arbitrary date 7 > tg, while leaving ¢; unchanged for all dates t < 7. Here
¢ is an arbitrary small quantity. The path {g;} remains consistent with the linearized structural
equations (2.2)—(2.4), and continues to satisfy the bound ||7|| < oo, for any value of €. Then for any
small enough value of ||, this also approximates a feasible perturbation under the exact structural
relations (1.2)—(1.4), up to an error of order O(|¢|?).

In order for the original path {;} to have been optimal, no such perturbation can increase the

value of the Lagrangian (1.6). In particular, given our assumption of the optimality of the steady
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state in which y; = ¢ for all £, no such perturbation of the steady state can increase the value of the
Lagrangian. In the case of any small enough value of |¢|, the increase in the value of the Lagrangian
as a result of the perturbation {y;} is proportional to

o0

> B [yiSyi + i1 BRy: + viBRyin] |e* + O(lel?)

i=0
regardless of the date 7,'7 where all derivatives are evaluated at the steady state. Hence a sufficient
condition for such a perturbation of the steady-state policy to be welfare-reducing, in the case of

any small enough |e| > 0, is that

o

> B [YiSyi + yir1BRy: + YR Y] <0 (2.13)
i=0

We can now state the additional regularity condition that we shall invoke.

Assumption 3 In the case of any non-zero bounded sequence {y;} such that (2.12) is satisfied,
(2.13) also holds.

These are second-order conditions for the optimality of the steady state defined by (1.13). Techni-
cally, Assumption 3 is not implied by Assumption 1 as stated above, as that would only require a
weak inequality in (2.13). The present assumption is, however, only a slight strengthening of the

one already implicit in Assumption 1.

2.3 Determinacy of the Solution to the FOCs

We now show that there is a unique bounded (or determinate) solution to the nonlinear FOCs
for the optimal policy problem. We have already assumed that there exists a bounded optimal
equilibrium path (Assumption 1), and since the FOCs are necessary for optimality, there must
exist a bounded solution to the FOCs. The goal of the present section is to show that there can
be only one bounded solution to the FOCs. It will follow from this result that in the case of a
bounded solution, the FOCs are also sufficient for optimality.

As usual, for the analysis of determinacy it suffices that we demonstrate the existence of a unique
bounded solution to the linearized versions of the equations for which we seek to demonstrate the
existence of a locally unique solution. We therefore consider the system of equations consisting of
the linearized structural equations (2.2)—(2.4) together with the linearized FOCs (2.5)—(2.6).

We now state our first important result.

17See section C.2 of the Appendix for details of this calculation.
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Proposition 1 Suppose that Assumptions 1, 2(b) and 3 are satisfied. Then for any initial con-
ditions G,—1, Fyy, any specification of the initial Lagrange multipliers éto—lv and any erogenous
disturbance process {€,} satisfying ||€|| < oo where the norm is defined as in (2.7), there exists a
unique solution to the system consisting of the linearized structural equations (2.2)—(2.4) and the

FOCs (2.5)-(2.6) for all t > to with the property that ||g|| < co and ||@|] < .

The proof is in Appendix A. Note that this unique solution to the linearized FOCs represents
a local linear approximation to an optimal plan, that is, to a plan that coincides (up to an error of
order O(€?)) with a plan that maximizes the modified objective function (1.9) defined by the initial
multipliers éto—l, for the specified initial conditions. Hence any solution to the system of FOCs
with the property that ||g|| < oo represents a local linear approximation to an optimal plan.

Using Assumption 1(c), we immediately obtain as a further corollary that there also exists a
unique bounded solution to the system of FOCs augmented by the linearization of the initial pre-
commitments (B.6), for any choice of g,, and that any bounded solution to this system of FOCs
represents a local linear approximation to a plan that is optimal in the sense of maximizing (1.1)
subject to the initial pre-commitments. These results follow immediately from Proposition 1, given
the existence of an invertible linear relationship between specifications of ©4,_1 and specifications

of Jto-

3 The Optimal Target Criterion

We now turn to the main topic of our paper, the construction of an optimal target criterion. Our
task is to show that there exists a criterion that, when conjoined with the linearized structural
relations (2.2)—(2.4), determines a unique bounded solution for the endogenous variables {7;}, and
that the equilibrium evolution that it determines represents a local linear approximation to an
optimal plan, by which we mean a plan that maximizes (1.9) for some initial Lagrange multipliers
©y,—1 that are determined by a self-consistent rule, or that maximizes (1.1) subject to some initial
pre-commitments (1.5) determined by a self-consistent rule. Our method is to construct a target
criterion, involving only the endogenous variables {g;}, that is fulfilled each period if and only
if the linearized FOCs are satisfied, where the FOCs in question are those associated with some
self-consistent selection of the initial Lagrange multipliers or of the initial pre-commitments. Then
the determinacy of equilibrium under the target criterion will follow from Proposition 1, as will the

fact that the equilibrium so determined represents a local linear approximation to an equilibrium

17



that is optimal from a timeless perspective.

3.1 Target Variables

Let us recall that the linearized FOCs (2.5)—(2.6) can be written in the form

E, [(A _ I‘ﬁ*lL)’@m] . (3.1)

Pt — Li-1p2, = 0, (3.2)
where we now define a vector of (endogenous) “target variables”
7y = —E; [(BR + SL + RL?) 1]
and time-varying (exogenous) “target values” for them

=B [B(L)En)

Recall also that (3.1) must hold for all ¢ > ¢o, while (3.2) must hold for all ¢ > ¢y. We add in addition
the requirement that ¢, be equal to some given vector of initial multipliers (:)to_l, unless we add
linearized initial pre-commitments of the form (B.6) to determine (g 4, .

Here the target variables 7; summarize the ways in which variations in the endogenous variables
7 are relevant to verification of whether the FOCs are satisfied or not; hence policy need only be
concerned with the projected paths of these particular variables. Moreover, the target variables
only enter the FOCs through their difference with respect to the exogenously varying target values
77 ; hence policy need only be concerned with the extent to which the target variables are projected
to differ from their respective target values.

In general, the target variables may be linear combinations of the entire vector of endogenous
variables 7:. However, there is one case of practical interest in which they necessarily involve only
a subset of the variables that are simultaneously determined by the structural model. Consider the
case in which the policy objective is a quadratic function

wlus ) = —3 (@ — 4} W g — 7). (33)

where W is a symmetric, positive definite matrix, where ¢; = w'y; is a subset of the endogenous
variables and ¢f = ¢*(&;) is a vector of exogenous targets for the variables ¢;. The matrix w’

is m,; X m, where m, may be much smaller than m, in the case of a policy institution with a
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fairly complex model of the economy but a relatively simple stabilization objective (that may, for
example, reflect its legislative mandate).

Let us suppose furthermore that the targets are achievable in steady state; this means that in
the case that &, = £ at all times, there would exist a constant vector § of values for the endogenous

variables satisfying (1.11)—(1.12) and
w'y = q*(8). (3-4)

In this case, a simple characterization of the target variables and target gaps is possible.

Lemma 2 Suppose that the objective of policy is a quadratic function (3.3), that the targets q*(&;)
are achievable in steady state, in the sense that there exists a vector § satisfying conditions (1.11)-
(1.12) and (3.4), and that Assumption 2(b) is satisfied. Then the target variables T are all linear
combinations of the m, variables q; — q, where § = w'y are the steady-state values of the variables

qt. Moreover, the “target gaps” appearing on the right-hand side of (3.1) are equal to
o —7f = wW (g — ;) + O(¢) (3.5)

to first order, which means that the linearized FOCs (3.1) can be expressed entirely in terms of the

m; target variables {q; — qf} and the Lagrange multipliers {p,}.

The proof is in Appendix A. In this special case, at least, the optimal target criterion can be
expressed purely as a restriction upon the evolution of the m, target variables {q; — ¢} }.
Regardless of whether the special assumptions required for Lemma 2 are satisfied, the linearized

FOCs (3.1) can be expressed in a canonical form.

Lemma 3 Under Assumption 2 there necessarily exist non-singular matrices P (n x n) and Q

(m x m) such that

My (w) 0 0
A-u)=@| =~ | (3.6)
0 o My 0
0 0 B — pJ}
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where p=m —n > 1; for each i = 1,...,p, M; (u) is an (¢; + 1) X ¢; matriz pencil of the form

m .
I
Mi(w)=1]0 1 0 (3.7)
"
0 0 1

for some €; > 1; and B) — pJb is a reqular pencil of dimension q X q, where

p

q:n—Zq.
i=1

The proof is in Appendix A.
This result allows the system of FOCs (3.1) to be equivalently expressed in the form

Ey [M; (B7'L) @1ip1] = it (i=1,..,p) (3.8)
BéEt¢2,t+1—ﬁ_lJ§¢2,t = 7A'2,ta (3-9)

where we partition the vectors

P11 T11,t
~ : —1 *\ A
Poy=¢, = . ) Q (i —Ti)=T1= .
Pip,t Tlp;t
| P2 | | T2t |

conformably with the partition of the matrix in (3.6). We thus reduce the FOCs to separate blocks
of equations relating subsets of the Lagrange multipliers to particular subsets of the target variables.
Furthermore, each of the blocks of equations other than (3.9) has a particular simple form.

Under some mild additional assumptions, we show below that only the set of m — g equations
(3.8) is relevant for the construction of our optimal target criterion. As a result, we may express

the desired target criterion only as a function of the subset of target variables 71; ;.

3.2 Essential vs. Inessential Variables

In the somewhat special case that the equilibrium relations (2.2) are decomposable into two sub-
systems of a particular type, some of the endogenous variables are determined independently of any
policy choices. We call such variables “inessential.” To show this, we make the following technical

assumptions.
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Assumption 4 Suppose that there exist non-singular matrices P (n x n) and @ (m X m) such

that
J1 — puBi 0

0 J2 — B2

T—pA="p Q' (3.10)

where J1, By are (n — q) x (m — q) and J2, B are q X q square matrices, for some 0 < q¢ < n.

(a) Then there also exist non-singular matrices Ty (k X k) and Ty ((n — k) x (n — k)) such that

U0
R A B (3.11)
0 Ty Uy, 0
| 0 X5 |
where )
= Uy Cox= X1
Us X5 ]
are non-singular square matrices ((n —q) x (n — q) and q % q, respectively), and the blocks
Ul o U, o]
0o x! |’ 0 X} |

are k x n, and (n — k) X n respectively.

(b) Moreover, the characteristic polynomial
P\, ) = det[\J2 — pBs]

can be factored as

k2 q—k2
PO p) =c [J =) ] (e—n;N), (3.12)
i=1 j=1

where 0 < kg < q is the number of rows of X{ in (8.11), ¢ # 0, and the complex numbers {v;,n;}

satisfy |v;| <1 for all i, |n;| < B for all j.
Here the blocks Uy, Uj, X1, X} are of dimensions
v, w. XL X
- - -~
(k1 xn) (0 —ki) xn) (k2xq) ((¢g—ke)xq)

where n =n—q > 0,0 < k) <k, 0<ky <gq,and k1 + ko = k. For future reference, let us also

define
Vi

Va

Wi

" [Xl X5 Tl. (3.13)

=l r,
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where the blocks Vi, Vo, W1, and W5 are of dimensions

Vi, Vo, Wy, Wy .
—~— —~~ —~— —~~
(k1 xn) ((R—k)xn) (k2xq) ((qg—Fk2)*xq)

This additional notation will allow us to decompose the system of equations (3.2) in a way con-
formable with our decomposition of (2.2) and (3.1).
Under Assumption 2, Lemma 3 states that a decomposition of the form (3.10) exists, so that

the system of linearized structural equations (2.2) can equivalently be written in the form

JlEtyT,t+1 = Bll/it + 1ﬂlgt (3.14)
J2Ety§,t+1 = BQy;,t + F2gt (3.15)
for all ¢ > ¢y, where
T r _
Mg | =@y e
Yau Iy

Note that yi,, y3, are two independent vectors of endogenous variables (of lengths m — ¢ and
g, respectively), that we may refer to as the “essential” and “inessential” endogenous variables
respectively.'® Each of the subsystems (3.14) and (3.15) involves only one of these sets of endogenous
variables. Thus the system (2.2) decomposes into two independent systems of equations for the
two distinct sets of endogenous variables. Assumption 4(a) states that if such a decomposition of
the system (2.2) is possible, then it is also possible to decompose (2.3)—(2.4) into separate systems
of equations, using the same decomposition of the state variables ¢; into (yit, y}t) .

The content of (2.3) is unchanged if we pre-multiply both sides by 7 (since T} is non-singular).
But (3.10)—(3.11) imply that

Uy 0 Ji 0 Ui 0

T = Q' = Q
o x{ || o J 0 X

so that the system (2.3) can be equivalently written as

UL (yie — E1yiy) = M (gt - Eplé}) (3.16)

Xy J2 (y;,t - Et,ly;t) = Ay (Et - Etﬂét) (3.17)

18 As explained below, the “inessential” variables are not necessarily variables that are not needed for a description
of the exact equilibrium dynamics implied by the model; they are redundant only for a description of the linearized

dynamics.
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for all t > ¢y, where
Ay
Ag

=TD.

Similarly, the system (2.4) can equivalently be written as

Uiyt = UiBiyi, 1+ A1y, — By, (3.18)
XiJoyssy = X{Bays gy 1+ Doy, — B (3.19)
for period tg, where
) _
Lo = TlFtO
q)2,t0

Thus the system of structural equations (2.2)-(2.4) can equivalently be written as two independent
subsystems, one consisting of equations (3.14), (3.16) and (3.18) for the evolution of {y;,}, and
the other consisting of (3.15), (3.17) and (3.19) for the evolution of {yst} .

Clearly, this assumption holds generically; it applies only in the case that a decomposition
of the form (3.10) exists for some 0 < ¢ < n, and for generic n x m matrices I and A, no such
decomposition exists. However, such a decomposition may exist, and not only in the case that some
“endogenous” variables are determined independently of policy; the decomposition may exist in the
linearized dynamics even though policy has second-order effects on the inessential state-variables in
the exact model. This possibility is illustrated by our analysis of the exact New Keynesian model
in section 4, where the price dispersion measure is affected by policy only to second order. We
verify that Assumption 4 holds in this case.

In the case that a decomposition of the from (3.10) exists, the subsystem consisting of equations
(3.15), (3.17) and (3.19) represents ¢ structural equations per period to determine the ¢ “inessential”
variables. Thus there is no scope for adjustment of any of these ¢ variables as a policy decision,
under the linearized dynamics. We state Assumption 4 only for the case in which ¢ > 0, since in
the case that ¢ = 0, there are no inessential variables about which such an assumption needs to
be stated. We can also neglect the case of a decomposition of the form (3.10) with ¢ = n, as this
would violate Assumption 2(a): the matrix (2.8) would be of at most rank n < m.

The following consequence of Assumption 4(b) is useful in what follows.

Lemma 4 Suppose that a decomposition of the matriz pencil I —uA of the form indicated by (3.10)

exists, and that Assumptions 2 and 4 are satisfied. Then there exist non-singular matrices No, Ro,
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(of dimensions q x q) such that

, , I—puG 0
NY (Jo — uBs) Rl = (3.20)
0  H —ul
where G is of dimension ka X ko and H is of dimension (q — ko) X (¢ — k2), all eigenvalues of the

matriz G have modulus less than 1, and all eigenvalues of the matriz H have modulus less than 5.

The proof of this result is given in Appendix A.

In order to establish that the subsystem consisting of equations (3.15), (3.17) and (3.19) does
indeed determine the ¢ endogenous variables {yg’t}, one additional regularity condition is needed.
Lemma 4 implies that the stable subspace of the system (3.15) is of the right dimension for deter-
minacy; but we also need an assumption that guarantees consistency between the initial conditions

(3.17) or (3.19) and the stable subspace of the system (3.15).

Assumption 5 Suppose that a decomposition of the matriz pencil I — A of the form indicated by
equations (3.10) and (3.11) exists. Then the (g X q) matrix
Xi
[0 1 ]

1s invertible.

Note that this condition will be satisfied by a generic matrices satisfying our other assumptions;
it would follow from (though is weaker than) an assumption that J3 is of full rank. Given these

assumptions, we can now show that the variables {y3,} must be unaffected by policy.

Proposition 2 Let the linearized structural equations (2.2)-(2.4) satisfy Assumptions 2, 4, 5, and
let the exogenous disturbances {€,} satisfy ||€|| < oo. Then if there exists a decomposition of
the form (3.10) for some q > 0, there is a unique solution {y3,} to the subsystem consisting of
equations (3.15), (3.17) and (3.19) for all periods t > to such that ||y3]| < oo. Hence in the case
of any equilibrium {g:} consistent with (2.2)-(2.4) and such that ||g|| < oo, the evolution of the

“inessential” variables {y3,} must be the same, independent of any policy choices.

The proof is in Appendix A. It follows that target criteria need be formulated only for the evo-
lution of the “essential” variables {y7,}, and that in addressing the issues both of determinacy of
equilibrium and of the optimality of the implied equilibrium, it suffices to consider the implications
for the essential variables of the target criteria together with the structural equations (3.14), (3.16)
and (3.18).
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3.2.1 Essential vs. Inessential Target Variables

While Assumption 2 and hence Lemma 3 allowed us to decompose the system of linearized FOCs
(3.1) into (3.8) and (3.9), Assumption 4 allows us to decompose the system of equations (3.2) in a

way conformable with our decomposition of (3.1).

Lemma 5 Suppose that Assumptions 2 and 4 are satisfied. Then equations (3.2) hold if and only
if
Vo (P14 — Er1¢1y] = 0 (3.21)

Wa [@or — Et1$ay] = 0 (3.22)
for all t > ty.

The proof is in Appendix A.
In the case that our problem is to maximize the modified objective (1.9) defined by a vector of
initial multipliers ©;,_1, we can also partition the initial conditions implied by the initial multipliers.

The requirement that ¢y, = ©4,_1 holds if and only if both sets of conditions

Va @149 = Et9-1 (3.23)
W2 @g4y = E2,t9-1 (3.24)
hold, where we define
i ~

Here Z4,—1 is an alternative representation of the initial multipliers ©y,—1, and =1 ;,—1 and Z 4,1
are respectively the first 7 — ki elements and the last ¢ — ko elements of the vector Z¢,—1. The
multipliers =1 ; correspond to the 7 —k; forward-looking constraints among the structural equations
governing the evolution of the m — ¢ “essential” variables yj ;, while the multipliers Z3; correspond
to the ¢ — ko forward-looking constraints among the structural equations that determine the ¢
“inessential” variables y3 ;.

Thus it is possible to decompose the complete system of first-order conditions (3.1)—(3.2) into
two independent subsystems, one involving only the variables ¢; ; and the other involving only the
variables (. The first subsystem consists of the conditions (3.8) that must hold for all ¢ > #;
conditions (3.21), that must hold for all ¢ > tp; and condition (3.23). The second subsystem
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consists of the conditions (3.9), that must hold for all ¢ > to; conditions (3.22), that must hold for
all t > tp; and condition (3.24). As the following proposition states, the second subsystem of FOCs
necessarily has a bounded solution (where again the norm is the one defined in (2.7)), regardless of

the evolution of the target variables.

Proposition 3 Suppose that Assumptions 2, 4 and 5 are satisfied. Then there necessarily exists a
process { @1} such that ||@y|| < oo that satisfies conditions (3.9) for allt > to, (5.22) for all t > to,
and the initial condition (3.24), regardless of the evolution of the target variables {72} (assuming
only that ||T2]| < oo, where the norms for both multipliers and target variables are defined as in
(2.7)). Hence necessary and sufficient conditions for the existence of a process {p;} such that
[|@l] < oo that satisfies conditions (3.1) for all t > to and (3.2) for all t > to, consistent with
given initial multipliers (:)to,l, are that the target variables {71} be such that there exists a process
{@14+} with ||@1]] < oo that satisfies conditions (3.8) for all t > to, (8.21) for all t > to, and the
initial condition (3.23).

The proof is in Appendix A. Accordingly, our problem reduces to the design of a target criterion
involving the variables {71 ;} which is necessary and sufficient for the existence of a bounded process

{¢1.+} with the properties listed in the proposition.

3.3 Implications of the Target Criterion in the Case of Unidimensional Policy

We now specialize the problem by restricting our attention to the case in which there is a single
dimension of policy variation each period, so that p = m —n = 1. (Note that this case covers
conventional analyses of monetary stabilization policy, where the single dimension of policy choice
corresponds to a target for a short-term nominal interest rate or for the money supply each period.)
In this case, there is only a single block of equations of the form (3.8), and we shall drop the ¢
subscript for the remainder of this section.

We first state the restrictions on the process {71} that are required in order for there to exist a
bounded process {¢; ;} consistent with (3.8). (These conditions are in turn necessary, though not

sufficient, for satisfaction of the complete set of linearized FOCs.) Let us first define the 7 x (2 + 1)
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matrix polynomial

[ 0 0
r=| M0 "
() (—p) 1 0

We can then define a moving average of the target variables
2 =0 (871L) 71y (3.25)
We can then establish the following useful result.

Lemma 6 Two processes {T1+} and {@Lt} specified for all t > to satisfy (3.8) for allt >ty if and
only if they satisfy
$14=BE T (5L_1) 14 (3.26)

and

EtZtJrﬁ =0 (327)

for all t > tg, where the implied process {z} is defined by (3.25).

The proof is in Appendix A. This result implies that a bounded process for the target variables
{71+} is consistent with condition (3.8) if and only if the evolution of {z:} satisfies (3.27); for given
any bounded process satisfying (3.27), (3.26) defines a bounded process {¢; ;} which will satisfy
(3.8). It remains then only to ask what additional restrictions are required in order for the implied
process {¢; ;} to satisfy conditions (3.21) and (3.23) as well.

Condition (3.27) is thus an example of a target criterion that is necessary for policy to be opti-
mal, but that is not in general sufficient for optimality; it is not in general a sufficiently restrictive
condition to uniquely determine a forward path for the economy, either. Thus the target criterion
that we seek must be stronger (except in special cases) than (3.27), but must imply (3.27). As it
happens, the desired criterion can also be stated as a restriction upon the evolution of the scalar

target variable z;, albeit a stronger condition than (3.27). In order to state this criterion, it is useful
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to define a vector of revisions at date t to the forecast path of the target variable,

(—5) [Zt - Et—lzt]

wy = (=5 )2[Etztf ~ Birzen] . (3.28)

(_5)ﬁ[Etzt+7~l—1 - Et_12t+ﬁ_1] i

It is also useful to define the matrix of current and past forecast revisions

=Bt (-8) P (B By ) (3.20)

where w; is the vector consisting of the first k; rows of w;. (Note that € is a null matrix unless
0 < ky < 7y if k1 = 0, € has no rows, while if k; = 71, it has no columns.)
The optimal target criterion can be expressed more simply if we assume one further regularity

condition. Let the matrix V5 defined in (3.13) be partitioned as
Vo= [ Var Vo } ,

where V5 is of dimension (72 — k1) X k1 and Vag is of dimension (7 — k1) X (7 — k1) . We can now

state our final regularity condition.
Assumption 6 The submatriz Vay is non-singular (det Vag # 0).

Note that for any k1 < 7, this assumption holds for a generic non-singular matrix V. The usefulness
of this assumption is that it implies that any n-dimensional vector v such that Vov = 0 (i.e., vector
that is a linear combination of the columns of U;) can be reconstructed from its first k; elements.
That is, partitioning

v1 } first k1 elements

Vo } last . — k; elements,

one must have

Iy,
v = U1,
o
where
d = V5, Var.

We now state the optimal target criterion: this is the requirement that at each date ¢t > tg, the

projected evolution of the process {z;} must be such that
Eizpir, = (—B) Ftr[®Qy]. (3.30)
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In evaluating this criterion in any period t, the references to forecasts at date ¢ — 1 and earlier
are understood to refer to policy authority’s historical forecasts, whether or not they were made
on the basis of an expectation regarding policy in period ¢ and later that corresponds to current
policy intentions. (In particular, forecasts dated to — 1 may not be consistent with the policy regime
that is adopted beginning in period £y, but the target criterion refers to these historical forecasts
nonetheless.) The set of paths for the target variables {71} from period ¢z onward that are
consistent with the target criterion depends on a vector of initial conditions e,—1, which includes
the historical forecast revisions wy,—; for 1 < j <7 — k1 — 1; the historical forecasts corresponding
to the first ky rows of BE;,_1[[(BL™1)714,]; and the historical path of the target variables T1,to—j
for 1 <j<f—k.t

Note that if k1 < 7, satisfaction of (3.30) for all ¢ > ¢y implies that

Eizirn = EiEivi—k, 2t+7)

= (=8)"t2[® EQyik,] =0

for any ¢ > tg, using the fact that Fyw;y; = 0 for any ¢ > tgp and any j > 1. But if k& =7, Q; is a
null matrix, and (3.30) also implies that Fyz;15 = 0 in this case as well. Hence the target criterion
(3.30) implies condition (3.27), although (except when k; = 7) it is not implied by it. In fact, one
can show that this stronger target criterion is also a necessary condition for optimality, at least in

the case of initial pre-commitments of a particular sort.?"

Proposition 4 Given Assumption 6 and any initial conditions e,—1, there exists a vector of initial
Lagrange multipliers =14,-1, such that any processes {71} and {¢,} for t > to that satisfy
conditions (3.8) for all t > to, (3.21) for all t > to, and the initial condition (3.23), must also
satisfy the target criterion (3.30) for all t > ty.

The proof of this proposition is also given in Appendix A. To be more specific, the vector of

initial Lagrange multipliers with the asserted property is

E'1,15071 = Vv22Xt071 + VéBEtofl[F(BL_l)%l,to]a (331)

YThe vectors 1wy —; are columns of €, (and of €; for the next few periods as well); the forecasts

BFE,—1[[(BL™ " )%1,4,] are needed to define the forecast revisions @y,, that also constitute a column of €, and
of subsequent €2;; and the lagged variables 71,,—; are needed to determine the value of zy+k,, as well as the value

of 214, for the next few periods, in addition to the evolution of the target variables from to onward.
20In the case of more general specifications of the initial pre-commitments and/or the initial Lagrange multipliers

E1,49—1, We can also show that it is necessary that (3.30) be satisfied for all ¢ after some finite date; but this extension

of Proposition 4 is not necessary for the subsequent discussion, and hence is omitted.
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where x;_; is the vector whose jth element is equal to

n—ki—j

X1 = (BB iz — Y (=B) mi, (3.32)
i=1

using the notation ¢; for the jth row of the matrix ®. Note that each element of 51 4,1 is a linear
function of the vector of initial conditions ey, defined above. Proposition 4 is established by
showing that for this specification of the initial multipliers, the Lagrange multipliers defined by
(3.26) satisfy conditions (3.21) and (3.23) if and only if the evolution of the target variables is
consistent with (3.30) for each t > to.

The rule (3.31) for selection of initial Lagrange multipliers as a function of the initial condition

et,—1 is an example of a self-consistent rule, because of the following result.

Lemma 7 Suppose that Assumption 6 holds and let the bounded processes {71} and {¢q,} for
t > to satisfy conditions (3.8) for all t > to, (3.21) for all t > to, and the initial condition (3.23),

where the initial Lagrange multipliers are given by (3.31). Then in each period t > to,
Vaor =E1t-1, (3.33)

where

E14-1 = Vaaxy_1 + VeBE1[T(BL™ ) 714]. (3.34)

The proof is in Appendix A. Since conditions (3.23) and (3.31) are just specializations to period
to of the more general relations (3.33) and (3.34), it follows that the proposed rule for assigning the
initial Lagrange multipliers is self-consistent. Because of Proposition 2(c), this assignment of the
initial Lagrange multipliers as a function of the initial condition corresponds to a rule for assigning
initial pre-commitments gy, as a function of the initial condition (and the economy’s state in period
to), that will also represent a self-consistent rule, in the sense defined earlier.

Proposition 4 implies that fulfillment of the target criterion is a necessary condition for ful-
fillment of the FOCs, and hence a necessary condition for optimality, in the case of a problem
involving initial pre-commitments of the kind just discussed. But consistency of the paths of the
target variables with the target criterion (3.30) is also sufficient for satisfaction of the FOCs, as
established in the proof of the following proposition. Hence the target criterion (3.30) determines a
unique bounded solution for the equilibrium evolution of the endogenous variables, and by Propo-
sition 1(b), the evolution determined by this criterion represents a local linear approximation to
the optimal evolution, under the modified problem defined by initial Lagrange multipliers (3.31).

We thus obtain our main conclusion.
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Proposition 5 Suppose that Assumptions 1-6 are satisfied.

(a) Then the requirements that the evolution of the endogenous variables {g;} for t > to be
consistent with the target criterion (3.30) for all t > to, and satisfy the bound ||g|| < oo, where the
norm is defined as in (2.7), determine a unique solution for the path of these variables, given any
initial conditions ey,—1.

(b) Moreover, the unique solution determined by these criteria represents a local linear approz-
imation to the evolution {y;} that maximizes the modified objective function (1.9), in the case of
watial conditions close enough to consistency with the steady state and disturbance processes under

which &, remains always close enough to &, if the initial Lagrange multipliers ©;, 1 are given by
@to—l = é + TQIEto—L

where the multipliers =1 4,1 are given by (3.31), and the multipliers ZEg 4,1 (if this is not a null
vector) may be chosen arbitrarily.

(¢) The rule (3.31) for the selection of the initial multipliers is self-consistent, in the sense that
(8.34) holds for all t > tg in the linear approximation to the solution to the above problem. Hence

the equilibrium determined by the target criterion (3.30) is optimal from a timeless perspective.

The proof is in Appendix A.

4 Application: Optimal Policy in an Exact New Keynesian Model

To illustrate how the proposed optimal target criterion can be derived in a nonlinear model in which
the objective of policy is assumed to be the maximization of household utility, we consider the exact
New Keynesian model presented in Benigno and Woodford (2005). While this very stylized model
abstracts from a number of the frictions often included in larger-scale models used for empirical
analysis or for practical policy recommendations, its relative simplicity allows us to illustrate clearly
how to derive the optimal target criterion in a fully analytical fashion, and provides intuition about

the proposed target criterion.

4.1 Model

We now provide a very succinct description of the model, leaving the details to Appendix E. In
this model, each household seeks to maximize its lifetime utility which depends in a time-separable

fashion on consumption of an aggregate of all goods and (negatively) on the amount of labor
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supplied. Each differentiated good is supplied by a single monopolistically competitive producer
who uses labor as the only variable input. As Benigno and Woodford (2005) show, the utility of
the representative household, which is also the policymaker’s welfare objective function, can be

expressed in the form (1.1) where the period ¢ utility can be written as

T (Y, &) = U, A &) =u (Y &) —v (Y &) Ag,

where Y; is aggregate production of the composite good, A; is a measure of price dispersion, and &,
is a vector of exogenous variables (including shocks to technology, preferences, and fiscal policy).
Here both the utility from consumption and the disutility of labor supply have been expressed
as functions of the total quantity produced; the disutility of labor supply also depends on price
dispersion, as this affects the composition of output and hence the labor required to produce a
given amount of the composite good.

The producers are wage takers on the labor market and choose their prices to maximize the
present discounted value of future profits. As in Calvo’s (1983) model of staggered pricing, we
assume that producers fix the prices of their goods for a random interval of time, with a constant
fraction « € [0,1) of prices remaining unchanged in any given period. Aggregating the producers’
optimal pricing decisions yields a short-run aggregate supply relation between inflation and output
of the form

(4.1)

1— Il [ H,\ T
11—« Kt

where IIy = P,/P,_; is the gross inflation rate and the variables H; and K; are given by the recursive

expressions
Hy = (1=si)-uy (Yo&) - Yi+ BB [0 Hes (42)
Oy w
K = 3 u - vy (V&) Y + B Ey [Hffﬁ U{Hl} . (4.3)

Here ¢; € [0, 1) is an exogenous sales tax rate; pj’ > 1 is an exogenous wage markup factor; 0 > 1 is
the elasticity of substitution across individual goods; and w > 0 is the elasticity of the function vy
with respect to increases in output. The law of motion of the measure of price dispersion is further

given by

0(14w)

1—alll7t) **
Ay = a0 4 (1 - @) (%) . (4.4)

While the optimal intertemporal allocation of households’ expenditures determines period-t

output as a function of expectations of future output, inflation and the nominal interest rate, this
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doesn’t constitute a constraint on the policy problem, as the central bank can always choose a
nominal interest rate that satisfies this equation. As a result, the only relevant constraints facing
the policymaker are given by (4.1)—(4.4), describing the necessary connections between the evolution
of aggregate real activity, inflation, and price dispersion. Using (4.1) to substitute for the variable
I1;, we can express the resulting restrictions by a system of the form (1.2)—(1.3), where the vector
of endogenous variables is given by y; = [V;, Ay, Hy, Ky]', F is a single function, and g is a pair of
functions. We thus have m = 4 endogenous variables, n = 3 equilibrium restrictions per period,
and k = 1 of these restrictions involves only contemporaneous or past variables. It is also useful to

note that in this model, the functions g take the special form

9w & yer1) = 9(Ve, &) — Zy + afP(Ziy 1),

where Z; = [Hy, K;]' is a subset of the endogenous variables, and § and ® are vectors of nonlinear

functions, each with two elements.

4.2 Characterizing the Optimal Target Criterion

By computing the nonlinear FOCs that characterize optimal policy, we show in Appendix E that
an optimal steady state exists, in which the price level remains stable so that II; = II = 1 and
price dispersion is zero (A; = A = 1). We then log-linearize the nonlinear structural equations and
FOCs around these steady-state values of the endogenous variables, and compute the canonical
decomposition of the matrix pencil A — pI. This allows us to compute our target criterion.

It is easy to verify that the pencil A — ul satisfies Assumption 2. We show in Appendix E that

the minimal degree associated with A — pI is 2 = 2. It then follows from Lemma 3 that there exist

nonsingular matrices P and ) of dimensions 3 x 3 and 4 x 4 respectively that satisfy

M (1) 0

(A-u1) ~ P
0 By—ply
where M (p) is the (7 + 1) x 7 matrix pencil
uw 0
M(p) =11
0 1

and BY — pJ} is a matrix pencil of dimension 1 x 1, with By = a < 1, and Jj} = 1.
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Given the dimension of J3, Ba, and the fact that |Bs| < 1, it follows that ¢ = ko = 1, so that the
model has one inessential variable. Interestingly, while the model involves one predetermined en-
dogenous variable, namely the price dispersion measure Ay, this variable turns out to be inessential
in the model’s linearized dynamics. Hence, while £ = 1 in the model, the number of predetermined
variables when the system of equation is written only in terms of “essential” variables is k1 = 0.

Since k1 = 0, the general optimal target criterion (3.30) reduces to
zt = 0.
Given the definition of the variable z; in (3.25), the optimal target criterion is backward-looking
0= [ 1 -5~ 'L g2r2 }%u,,
that is, a moving average of the current and past essential target gaps
o= Luy 0]Q (=70

To obtain the target gaps 7, — 7;, we evaluate the second derivatives of F (), ¢g() and the
objective function 7 () at the steady state. As shown in Appendix E, the optimal target criterion
takes the form

(1 —al)[m+ ¢ (zt — 21-1)] = 0, (4.5)

where z; = log(Y;/Y;*) is an “output gap” relative to a target level of output; Y;* is a function of

the exogenous disturbances implicitly defined by the equation
UY(Y;E*7 L; gt) + é/gY(}/;t*vgt) =0, (46)

where © is the steady-state vector of Lagrange multipliers associated with the forward-looking
constraints. In the case that the flexible-price steady-state level of output is efficient,?! then the
zero-inflation steady state level of output Y is efficient, and © = 0. In this special case, Y;* is simply
the utility-maximizing level of output given technology, preferences and government purchases at
any point in time (defined by the FOC Uy (Y;*,1;¢,) = 0). It also corresponds in this case to the
flexible-price equilibrium level of output, if the distortion factors ¢; and uy” are set equal to their
steady-state values. More generally, Y,* is not quite the same as either the efficient level of output

or the flexible-price equilibrium level of output, but is closely related to both of them.

21 This would in general require a negative steady-state sales tax ¢, to offset the distortion due to market power on
the part of the monopolistically competitive producers. See Woodford (2003, chap. 6) for further discussion of this

case.
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Condition (4.5) requires that eventually
T+ ¢(ry —x4-1) =0 (4.7)

each period.?? Thus optimal policy can be characterized as a form of “flexible inflation targeting,”
in which deviations of the inflation rate from its optimal long-run value (zero) must at all times be
in proportion to projected changes in the output gap. In Appendix E, we characterize the optimal
value of the coefficient of proportionality ¢ in terms of model parameters. Unless both the degree of
inefficiency of steady-state output and the share of output consumed by the government are large, ¢
will be a positive coefficient. In this case, the target criterion is similar to that implied by the kind
of linear-quadratic policy problem analyzed by authors such as Clarida et al. (1999). But here,
both the definition of the “output gap” and the weight ¢ to be put on changes in the output gap are
derived from the micro-foundations of the model, rather than an ad hoc quadratic objective function

for the central bank; and the optimal target criterion involves additional transitory dynamics.

5 Concluding Remarks

We have considered a general class of nonlinear rational-expectations models in which policymakers
seek to maximize an objective function. We have proposed a procedure to derive a target criterion
that is: (i) consistent with the model’s structural equations, (ii) strong enough to imply a unique
equilibrium, and (iii) optimal, in the sense that a commitment to adjust the policy instrument at
all dates so as to satisfy the target criterion maximizes the objective function.

Some general remarks are possible on the form of the optimal target criterion (3.30). We have
established quite generally that there is a single composite target variable z; such that the target
criterion can be expressed purely in terms of projections for the evolution of this variable. (This
depends, however, on our assumption that policy can vary equilibrium outcomes along only one
dimension per period.)

In general, the target criterion (3.30) has both backward-looking and forward-looking elements.

The degree to which it has one character or the other depends on the degree to which the structural

22In the case of small initial price dispersion, Ay, 1 = O(€®), as assumed in Benigno and Woodford (2005), it is
possible to choose the initial lagged Lagrange multipliers in a self-consistent way and obtain a modified policy problem
under which optimal policy will satisfy (4.7) from period to onward. However, that method cannot be extended to
deal with non-trivial levels of initial price dispersion (of order O(e)) without requiring transitory departures of the
left-hand side of (4.7) from its long-run value for most initial conditions, as implied by the target criterion derived

here.
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equations of the model are backward- or forward-looking. When the model’s constraints are purely
forward-looking — or more precisely, when the reduced system of equations written in terms of the
“essential” state variables contains no backward-looking structural relations (3.16), so that k; =0
— the criterion (3.30) reduces to

zt:O.

In this case the optimal target criterion is necessarily purely backward-looking, i.e., it is a linear
relation between current and past values of the target variables 7 ;. This is the case illustrated by
the example in section 4.

If, instead (as is more generally the case), lagged variables enter the structural equations, the
optimal target criterion involves forecasts as well, for a finite number of periods into the future. In
the opposite polar case in which the model’s constraints are purely backward-looking (i.e., they
do not involve expectations) — or at least this is true when the model is written in terms of the

essential variables only, so that k; = 7 — then the criterion (3.30) takes the form
Etzt+ﬁ =0.

Since 245 involves elements of 71;4; for 0 < j < 7, in this case the optimal target criterion is
purely forward-looking, in the sense that it involves only the projected paths of the target variables
71, in current and future periods. In the intermediate cases, the target criterion involves both
forecasts of target variables at least one period in the future and at least one lag of the target
variables (as well as, in general, forecasts from one or more prior periods). The number of periods
that the criterion requires one to look into the future is greater the larger is k1 (and in this sense,
the more backward-looking the model dynamics), and the number of periods from which past values
remain relevant to the target criterion is greater the greater is 7 — kj (and in this sense, the more
forward-looking the model dynamics).

While we have noted that the target criterion can quite generally be stated in terms of projec-
tions for a single composite target variable z;, this variable will generally involve the paths (with
differing lags) of all of the “essential” state variables Y1 ¢ However, there is a special case in which
the target criterion need only involve the projections for a small number of economically meaning-
ful variables, regardless of the complexity of the structural model. This is the case in which the
objective function (1.1) is purely quadratic, as assumed in the hypotheses of Lemma 2. While this
is unlikely to be true in a microfounded model in which the objective of policy is taken to be the

maximization of household expected utility, central banks are often interested in policies that are
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optimal from the point of view of some quadratic loss function involving a small number of targets,
though a very complex model of the economy may be used to evaluate how well alternative policies
achieve this objective. In the case that Lemma 2 applies, the composite target variable z; is a linear
function of the paths of the m, target variables ¢; — ¢/ that appear in the quadratic objective (3.3).

The procedure to derive an optimal target criterion has been illustrated in the context of a
simple nonlinear model, but it can be readily derived in larger empirical models using existing
numerical techniques. The optimal target criterion has been derived here in the context of models
in which policy can vary equilibrium outcomes along only one dimension per period (p = 1). The
setup proposed can however accommodate cases in which policy can vary the equilibrium along
multiple dimensions. In such cases, there would be p > 1 target criteria to satisfy each period. We

leave the detailed analysis of this general case for future work.
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A Proof of Lemmas and Propositions

A.1 Proof of Proposition 1

Here we show that there exists a unique bounded solution to the system of equations consisting of
the linearized structural equations (2.2)—(2.4) together with the linearized FOCs (2.5)—(2.6). If we
adjoin to these equations the identities

U = U (A.1)
Eiori1 = Eiprya, (A.2)
then the system consisting of (2.2), (2.5), and (A.1)—(A.2) can be rewritten in matrix form as
MEd;11 = Ndy — Ns5y, (A.3)
where d; is the 2(m + n)-dimensional vector
P
— Yt—1
di = -
! Ei@ 1
gta

S¢ is a vector of exogenous disturbances that includes the elements of both ét and EH, and

- My My S —B7'M{, 0 ]
M = , N = A4
|: Im+n 0 :| |: 0 Im+n ( )
where _ _
- 0 A — - 0 —-I
Mll = |: /—1, S :| = M{l, and M12 = |: 0 BR, :|

Here we use the fact that S is symmetric to obtain M;p; = M{l.
In addition to conditions (A.3), the process {d;} must satisfy (2.3) and (2.6), and thus

Fd [dt — Etfldt] = FS [gt — Etflgt] (A5)

for all t > tog, where Fy is the (m +n) x 2(m + n) matrix

S 0 0 0
Fd = 0 0 0 Il s
0 I, 0 O
using the notation
Sg = [0 Infk]

for the (n — k) x n matrix that selects the last n — k elements of any n-vector. (The first n — k
rows correspond to conditions (2.6), the next k rows correspond to conditions (2.3), and the final
m rows state that the elements of ;1 cannot be affected by surprises in period t.)

In period ¢y, the process must satisfy (2.4) and hence

Fqdiy = fio, (A.6)
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where fi, is a vector of m + n initial conditions
_ ét(}j} _
fio = | A1ftg—1 + D&y — BEy, |
gto—l
all of which are either predetermined or exogenous.

The following lemmas establish useful properties of the matrix pencil M — uN.

Lemma 8 Given Assumptions 2(b) and 3, the matriz pencil M — uN is regular; that is, its deter-
minant is non-zero for at least some complex (.

Proof. The determinant of M — uN can be expressed as follows:
My + M/BilM{Q Mz

1 —ul
— det (—pl) - det [(M11 + VM) — My (—Mf)—l}
= p(=1)""" - det [Miy + pB~ Miy + p~ ' Mis]

0 A— T

A — ™' S+ p 'BR + uR |-
The matrix pencil M — puN is regular provided that its determinant is non-zero for at least some
complex (.

Suppose the determinant is instead zero for all . This means that there must exist finite-order
vector polynomials (¢ (1), y (1)) such that

0 A—p'I e ] _
A= ppmr 5+/~015R/+MR] [ v (1) } - (48)

for all p # 0, and (¢ (u),y (1)) are not both equal to zero for all p. In addition, the solution
cannot involve y (u) = 0. For if there exists a function ¢ (u) = Zf:o @t satisfying (A.8) with
y (1) = 0, one must have [A’ — ,uﬂflf’] ¢ () = 0. But this would imply that the function ¢ (u) =

det (M — puN) = det[

= p(=1)""" . det [ (A7)

Zf:o ©p_; " must satisfy (2.9), violating Assumption 2(b). Hence we must have y (1) # 0. Writing
y(p) =32 yip' (where all but a finite number of the y; are zero), the first line of (A.8) implies
that the sequence {y;} satisfies the hypotheses of Assumption 3. The second line implies that

y (u78) [S+ u'BR + pR] y (1) =0

for all . Writing this expression in the form Z?J;li(k +1) fyj,uj , where k is the order of y (i), it
follows that we must have v; = 0 for all j. In particular, we must have v, = 0. But 7, is just the
left-hand side of (2.13), so this violates Assumption 3. It follows that det (M — pN) cannot be
zero for all y. m

It is then possible to factor the polynomial det[A\M — pN] as

2(n+m)

[T (@ix =), (A.9)
i=1
where for any ¢, the complex numbers a; and 3; are not both equal to zero. Let s be the number of
factors for which «; # 0 and |3;/a;| < 1. There must then be 2m + 2n — s factors for which 3, # 0
and |o; /B, < 1.
This implies that the matrices M and N can be decomposed as stated in the following lemma.
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Lemma 9 Given Assumptions 2(b) and 3, there must exist non-singular 2(m +n) x 2(m+n) real
matrices U,V such that

owe- 5 8]

[N 0
0o UNV—[ }

A.10
0 12n+2m—s ( )

Here Q is a (2m 4+ 2n — s) X (2m + 2n — s) real matriz for which all eigenvalues have modulus less
than or equal to 1 while A is an s X s real matrix for which all eigenvalues have modulus less than
1.

Proof. Under Assumptions 2(b) and 3, Lemma 8 implies that M — uN is a real regular matrix
pencil of dimensions (2m + 2n) x (2m + 2n). It follows from Theorem 3 of Gantmacher (1959,
Chap. 12), or its version for a real canonical form proved in Appendix D, that there exist real
invertible matrices U,V of dimensions (2m + 2n) x (2m + 2n) such that

oo I 0 S H 0
UMV—[O G}’ UNV—[0 I] (A.11)
where G is an invertible matrix of the real Jordan form and H is a real nilpotent matrix of the
Jordan form.

Let us factor the polynomial det[AM — pN| as in (A.9) and let v (0 < v < 2m + 2n) be the
number of factors (a;A — B;p) for which the complex numbers ; = 0, while the numbers «; are
necessarily nonzero. (Note that since the eigenvalues of M — uNN are the quantities «;/3;, these v
factors correspond to the v “infinite” eigenvalues of M — puN.) The existence of a decomposition of
the form (A.11) implies that the factors of the characteristic polynomial det[AM — pN| in (A.9)
are the same as those of

det [AI - p[ﬂ - det [Aé - pI} .

Since H is nilpotent, det [/\I — pH ] must correspond to the v factors for which the 8, = 0 and

a; # 0. The matrix pencil A\ — p}NI is thus of dimensions v x v. This implies that the matrix pencil
AG — pl is of dimensions (2m 4 2n — 1) x (2m 4 2n — v) and its determinant is the product of the
2m + 2n — v factors (a;\ — B;p) for which the complex numbers §; # 0. (The matrix G has thus
2m+ 2n — v eigenvalues denoted by «;/3;, all finite). Among these factors, let there be 2m +2n—s
of them (with 0 < s < v) for which 3; # 0 and |«;/f3;] < 1, so that there are s — v factors for which
B; # 0 and |a;/53;] > 1. The latter s — v factors necessarily have «; # 0 and |3;/a;| < 1.

Recalling that G is in real Jordan from, this implies that it is possible to partition it as

Gi 0
[ 0 Go ]
where G € RE=)%(5=%) ig a block-diagonal matrix with eigenvalues satisfying |o;/3;| > 1, 8; # 0,
and Gy € REm+2n—s)x(2m+2n—s) i5 5 plock-diagonal matrix with eigenvalues satisfying |y / Bil <1,
B; # 0. Since all eigenvalues of G are nonzero, the matrix G is non-singular. Combining the s —v
factors associated with G; with the v factors associated with the matrix pencil AI — pH constitutes

s factors for which «; # 0 and |5;/a;| < 1.
It follows that the 2 (n 4+ m) x 2 (n + m) real matrix

) I, 0 0 3
U=|0 Gi! 0 U
0 0 12m+2n73
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is non-singular and satisfies (A.10), where Q = Gy is a (2m + 2n — s)x (2m 4 2n — s) block-diagonal
matrix in real Jordan form with blocks corresponding to the factors of (A.9) for which |a;/3;| < 1.
This implies that

192 < 1. (A.12)
H 0
0 Git
eigenvalues (i.e., the eigenvalues of H corresponding to the v factors (ay\ — §;p) for which 3; = 0),

and another s — v eigenvalues corresponding to the roots ; # 0, |5;/a;| < 1. Thus all s eigenvalues
of A satisfy |5;/a;| < 1, so that

The matrix A’ = [ ] is a s X s block-diagonal matrix in real Jordan form with v zero

IA]l < 1. (A.13)

Because the inequality (A.13) is strict, there also exist values § > 1 such that

ISA]| < 1. (A.14)

In what follows, we shall consider a value of § > 1 that is small enough for both (1.14) and (A.14)
to hold.

Now let the matrices U,V be partitioned conformably with the partitions in (A.10):

— [U01] }srows oo
U_[(_]?} } 2m + 2n — s rows ’ V_[Vl VQ] (A.15)

where V] and V5 are respectively 2 (n +m) x s and 2 (n +m) x (2m + 2n — s) matrices. It follows
from the non-singularity of U and V' that the columns of [ U{ Uj ] form a basis for R2(Hm)  ag
do the columns of [ Vi W ] . Hence we can represent d; as

Q=T W] [;ﬂ (A.16)

where 1), is of dimension s and ¢, is of dimension 2m+ 2n —s. The vectors (¢,, ¢;) can be uniquely
re-constructed from the vector d;, and vice versa.

The decomposition (A.10) defines stable and unstable subspaces for the matrix pencil M — uN.
In particular, for any § > 1, let us define the §—stable subspace Djs as the set of values dy, for which
there exists a deterministic sequence {d;} for ¢ > to consistent with this value of d;,, satisfying

Md 1 = Ndy (A.17)
for all ¢ > ¢y, and such that
Jim std; = 0. (A.18)

(In the case that § = 1, we shall call D = D; simply the stable subspace.) We then have the
following result regarding the dimension of this linear space.

Lemma 10 Given Assumptions 2(b) and 3, let Ds be the d-stable subspace of the matriz pencil
M—uN corresponding to a value of 6 such that (A.14) holds. Then Ds is a linear space of dimension
s, the dimension of the square matriz A in (A.10).
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Proof. Under Assumptions 2(b) and 3, Lemma 8 holds, and we can then rewrite (A.10) as:

UMV, = I, UMV =0 (A.19)
UMV, = 0, UsMVy = Q (A.20)
and
NV, = N, UiNVy =0 (A.21)
U,NV; = 0, UsNVa = Iopion—s- (A.22)

We observe from these orthogonality relations that the inverse transformations can be written as

(A.23)

- I - 0,01
U'=[ MWV NV, ], vl—[éﬁ].

(Here we use the fact that because U and V are non-singular, we know that unique inverses exist.)
We can then pre-multiply the equations in (A.10) by U™, using (A.23), to obtain:

MVy = NVaQ (A.24)
MVN = NV (A.25)

We can similarly post-multiply the equations in (A.10) by V=1, using (A.23), to obtain:
NUM = UN (A.26)
UsM = QU2N. (A.27)
Because U~! and V~! must be non-singular matrices, we observe from (A.23) that MV, NVa,

M'Uj, and N'U} must each be matrices of full rank.
Pre-multiplying (A.17) by U; and using (A.27), we obtain

QU3Ndy 11 = UsNd,

for each t > to. Then using (A.16) to substitute for d; on both sides of this equation, and using
(A.22), we obtain
Qb1 = b4

which in turn implies that
5t¢t = (5719)5“1@“ (A.28)

for each t > tg. Repeated application of (A.28) implies that
Sty = (0 )RR,y (A.29)

for arbitrary & > 1. Then in the case of any sequence {d;} satisfying (A.18), (A.12) implies that
the right-hand side of (A.29) converges to zero for large k. Hence we must have ¢, = 0 for all ¢ > tg
in the case of any such sequence. Thus d; must be a vector of the form d; = V41, for all t.

Pre-multiplying (A.17) by U; and again using (A.16) to substitute for d;, one can similarly show
that

Vi1 = Ny
for all £ > tg. Given a vector v, this law of motion can be solved for the complete sequence {1, }
and hence for the implied sequence {d;}. Since

5t¢t = (5A,)t_t0 st wto
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for any ¢, it follows from (A.14) that (A.18) must be satisfied. Hence the d—stable subspace Ds
consists of all vectors of the form dy, = V19, for some vector 9, . Since V is invertible, this linear
space must be of dimension s (the number of columns of V7). m

We turn now to a further characterization of the dimension s. Since M — uN is a regular pencil,
a pair (), p) determines an eigenvalue p of M — uN if det[AM — pN] =0and p— A = 0. (In
particular, a pair (A, p) determines an infinite eigenvalue of M — uN if det[)\M pN] = 0, and
p # 0,\ = 0.) Because of the symmetries in the elements of the matrices M and N, the eigenvalues
of the pencil M — uN also satisfy the following symmetry.?

Lemma 11 Given Assumptions 2(b) and 3, the set of values of ju = p/\ for which det[A\M —pN] =
0 is such that if j belongs to the set, so do the numbers Bu~t, and the complex conjugates fi and
Bu~t. In particular, if the equation holds for p =0 (and arbitrary \), then it also holds for A =0
(and arbitrary p).

Proof. Given Assumptions 2(b) and 3, Lemma 8 implies that the matrix pencil M — uN is
regular. Hence the matrix pencil M — uN where N = 82N is also regular. Let us define the
2(n+m) x 2 (n + m) matrix

J = [ 0 Totm ] ,

—Insm O

and observe that

M'JM = N'JN,
so that the transposed matrix pencil (M — ,uN ) is symplectic. It follows that the generalized
eigenvalues of the transposed pencil (M — uN ) are symmetric with respect to the unit circle (see
Theorems 4 and 5 of Pappas, Laub and Sandell, 1980): if 1 € C is a generalized eigenvalue of the
real matrix pencil (M ,u]\7 )/, then so are u~! and the complex conjugates i, 1. In particular,
if =0 is an eigenvalue of (M — uN)Y', so is p = co.

Since det[M — puN] = det[M’ — pN'] for all g, it follows that if u € C is an eigenvalue of
(M — puN), then so are u~! and the complex conjugates i, u—'. Moreover, det|A\M — pN] = 0 if
and only if det|]\M — 5/2pN] = 0. Hence  is a generalized eigenvalue of (M — pN) if and only if
g~ 211 is a generalized eigenvalue of the transformed pencil (M — [LN ). It then follows that Bu~!,
i, and B! must also be generalized eigenvalues of (M — uN). m

Lemma 12 Given Assumptions 1(b), 2(b) and 3, the dimension of the square matriz A in the
decomposition (A.10) must be evactly s = m + n. Hence the matriz pencil M — uN has exactly
m +n generalized eigenvalues satisfying |u| < B and another m + n generalized eigenvalues (some
of which may be infinite) satisfying |p| > 1, and the stable subspace D is of dimension m +n. The
dimension of the square matriz ) is also m + n, and this matrixz satisfies

120 < 8. (A.30)

Proof. Assumption 1(b) implies that for any initial conditions close enough to consistency with the
optimal steady state, there must exist a solution to the first-order conditions (for the deterministic

23This demonstration that the eigenvalues come in “reciprocal pairs” extends to our environment a standard result
in the theory of linear-quadratic optimal control (e.g., Hansen and Sargent, 2010, chap. 8).
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case in which &, = £ at all times) in which (1.14) holds. It follows that for arbitrary initial conditions
fto, there must be a sequence {d;} satisfying the linearized FOCs (A.17) for all ¢t > t¢, such that
dy, is consistent with (A.6), and such that {6'd,} is a bounded sequence.?* Tt is then furthermore
possible to choose a § > 1 (possibly slightly smaller than the 0 referred to in Assumption 1(b))
such that (A.18) is satisfied. For a small enough choice of 6 > 1, (A.14) must hold as well. Hence
there must exist 6 > 1 for which (A.14) holds, and such that for any initial conditions fi,, there
exists a vector dy, in the d—stable subspace Dj consistent with (A.6).

It follows from our characterization of the d—stable subspace in the proof of Lemma 10 that
there must exist a vector 1, such that

[FaVi] ¥y, = fro- (A.31)

It is easily seen that any values for the m + n elements of f;, can be arranged through a suitable
specification of the n — k elements of Oy, _1, the k elements of Fj,, and the m elements of 1.
Hence the right-hand side of (A.31) can be any element of R™*™. Then in order for a solution to
exist for arbitrary initial conditions, it is necessary that

rank F;V; = m + n. (A.32)

This requires that s > m + n.

We further note that the decomposition (A.10) implies that the generalized eigenvalues of the
pencil M — N consist of the 2m + 2n — s eigenvalues u,; of the matrix  and the reciprocals of the
s eigenvalues \; of the matrix A. Lemma 10 implies that for each eigenvalue A; of A, B\; must also
be a generalized eigenvalue of the pencil M — uN; and since |Aj| < 1, this must be a generalized
eigenvalue with modulus less than 3, and therefore an eigenvalue of € rather than the reciprocal
of any eigenvalue of A. Hence for each eigenvalue \; of A, S)\; must be an eigenvalue of €. This
requires that € be of at least the dimension of A, and hence that s < m + n. Therefore s =m +n
exactly. The matrix ) is of dimension m + n, and its eigenvalues all satisfy |u| < 8, which implies
(A.30).

Finally, it follows that [F;V1] must be a non-singular square matrix, so that (A.31) can be solved
for 4, for any specification of the initial conditions f,. Since the largest eigenvalue of A must have
a modulus strictly less than 1, any initial condition of the form d¢, = Vi1, gives rise to a sequence
{d:} satisfying (A.18) for 6 = 1. Hence this linear space of dimension m + n corresponds to the
stable subspace. ®m

In the proof of Lemma 12, it has already been established that for any initial conditions fy,,
there exists a deterministic solution {d;} to the linearized FOCs that converges exponentially to
the steady state for large . This result can then be directly extended to the case of bounded
fluctuations in the exogenous disturbances {St}, yielding the result stated in the proposition.

Given a bounded stochastic process {,} for the exogenous disturbances and a vector f;, of
initial conditions, we are interested in stochastic processes {d;} such that (i) {d;} is bounded; (ii)
(A.3) is satisfied for all ¢ > to; (iii) (A.5) is satisfied for all ¢ > to; and (iv) dy, satisfies (A.6).
Pre-multiplying (A.3) by Us, we can show as in the proof of Lemma 10 that

QUgNEtdt+1 = UQth — Ug]\_fsgt,

or equivalently that o o
E(I — QL YUyNdy] = Uy N,5;.

24Note that convergence in the exact nonlinear dynamics only implies that the sequence must not explode in the
linearized dynamics, since the rate of convergence might asymptotically decrease to zero.
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Using (A.16) to substitute for d;, this can alternatively be written
EJ (I — QL™ Y)¢,] = UsNy5;. (A.33)

Because of (A.30), the operator I — QL1 is invertible on the linear space of bounded processes
{#,}, so that for any disturbance process such that ||5|| < oo, (A.33) has a unique solution such
that ||¢]| < oo, given by

¢ = By[(I — QL) U N, 5. (A.34)

Similarly, pre-multiplying (A.3) by U; and using (A.16) to substitute for d; yields
Using (A.16) to substitute for d; in (A.5), and shifting the time index by one period, yields

FaVi [0 — Evpyq) = Fs [8 — Er—151] — FaVa (91 — Erdyyq]

for each t > to. Since F;Vj is an invertible square matrix (as shown in the proof of Lemma 12),
this can be solved uniquely for ¢, ;. Substituting expression (A.35) for the conditional expectation
Ey, 4 in this equation, and the solution (A.34) for both ¢,,, and its conditional expectation, we
obtain a law of motion of the form

Piy1 = Ny + i1 (A.36)

for all t > tg, where {r;} is a process satisfying ||7|| < co that has been uniquely determined as a
function of the evolution of the exogenous disturbances.
Finally, using (A.16) to substitute for d;, in (A.6) we obtain

FaVity, = frg — FaVady, .

Using the solution (A.34) to substitute for ¢;, in this equation, the invertibility of F;V; implies
that this equation has a unique solution for 1, for any specification of the initial conditions f;, and
the process for the exogenous disturbances. Given this initial condition for ¢, , the law of motion
(A.36) can then be integrated forward, yielding a unique solution for the evolution of {t,} for all
t > to. It follows from (A.14) and the fact that ||r|| < co that this solution will satisfy ||¢|| < oc.
Our solutions for the processes {¢;,1,} then imply a unique solution for the process {d;}, using
(A.16), and the bounds satisfied by the two solutions imply that ||d|| < co as well. Hence there is
a unique solution satisfying this bound. QED.

A.2 Proof of Lemma 2

Using the definition of ¢; and the fact that the matrix W is symmetric, we may rewrite the objective
function (3.3) as

™ (i €0) = = [ W'y — 26 (&) Wl +4° (6) Wa' (&)

so that

Dim(ys &) = —[yiw—q* (&) ] Wu' (A.37)
Dy [(Dim (y1;6))] = —wWu'

Dy [(Dim (yi5€0)'] = wW [Dg" (&)].
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The fact that the targets ¢* ({;) are achievable implies that in steady state, Dim (gj, S) = 0, using
(3.4) and (A.37). It then follows from (1.13) that

o (T - pA)=o0.
Assumption 2(b) then implies that @ = 0, so that S, R and B (L) reduce to
S=—-wWuw', R=0, B(L)=uwW [Dq" ()] L.
The target variables and target values are then given by
T = wWuw'ygy =wW (¢ —q),
i = wW [Dg" (§)] &,
where ¢ = w'y. Performing a first-order approximation to ¢* (£;), we obtain
¢ =q" (&) =q" (&) + [Dg" (§)] -& + O()
so that, using (3.4), we have
[Dg* (€)] - & = a —a+ O(e).

Using this, we can express the “target gaps” 7, — 7} as

Tt — 7 =wW (¢ — q) +wW (¢ — q) + 0(62) =wW (¢ — qf) + (’)(62).

A.3 Proof of Lemma 3

The fact that the pencil A — ul is of rank n < m implies that the columns are linearly dependent,
i.e., that there exists y () such that

[A—plly(u) =0 (A.38)

for all p, though by Assumption 2, y (u) is of order greater than zero. Let € > 1 be the minimal
order of solution y () that exists to (A.38). (A solution of finite order €; necessarily exists.) Then
Theorem 4 of Gantmacher (1959, chap. 12) implies that the pencil A — u[ is strictly equivalent to
a pencil of the form
My ()’ 0
0 B —pusgY

where Bél) — [LJQ(D is a pencil for which the equation
B — M 90 (u) =0 (A.39)

has no solution of order less than ;.

If (A.39) nonetheless has a nonzero solution of minimal order e2 > €1, then Theorem 4 of
Gantmacher can be applied again to the pencil Bél) — ,uJ2(1). Proceeding in this way, one eventually
transforms the pencil A — uI into a pencil of the form shown in (3.6), where the sequence of indices
satisfies

€p > ... > €2 > €1 > 1,

and [By — 2] is a pencil for which the equation
[Ba — pJo] § (1) = 0
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has no nonzero solution, i.e., the columns are linearly independent.
By the same argument as in the proof of Lemma 4, Assumption 2 implies that there is also no
vector @ (u) # 0 such that
& (1) (B2 — po] =0,

i.e., the rows of the pencil are also linearly independent. Hence [Ba — p.J2] must be a square pencil
of some dimension ¢ x ¢q. (Note that it is possible that ¢ = 0, i.e., that By and J; are null matrices.)
Adding up the columns of the matrix in (3.6), one observes that

P
Z € +q=n.
i=1
Adding up the rows, one similarly observes that

(i +1)+q=m,

P
=1

(2

from which it follows that the number of M; blocks must equal p = m — n.
This theorem implies that there exist nonsingular square matrices P, ) of dimensions n X n and
m x m respectively that satisfy (3.6).

A.4 Proof of Lemma 4
There is no vector ¢y (1) # 0 such that ¢y (1) [Jo — uBs] = 0 for all u. For if there did, the vector

o(u)= P! { " } £0

would satisfy (2.9), and this would violate Assumption 2. This implies that the pencil Jo — puBs
must be of rank ¢, which (since it is a square pencil of dimension ¢ X ¢) implies that it is a regular
pencil.

It follows from Theorem 3 of Gantmacher (1959, Chap. 12), or its version for a real canonical
form proved in Appendix D, that Jo — By can be reduced to a strictly equivalent pencil of the

form A
Il - ,uG' 0
. A.40
e (4.40)

where G’ € R*! (0 <1 < q) is a nilpotent matrix of the Jordan form (i.e., with ones on the first
super diagonal and zeros everywhere else), and H' € R@=Dx(@=1) is a block-diagonal matrix of the
real Jordan form. We can without loss of generality arrange the Jordan blocks of H' as

A/_ IA{:,LI 0
a { 0 H

where the invertible matrix Hi; contains the eigenvalues with modulus greater than or equal to 3,
and H contains only eigenvalues with modulus less than §. Premultiplying the pencil (A.40) by
the invertible block-diagonal matrix

I; 0 0
0 (Hjp)™ 0
0 0 Ik
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yields a strictly equivalent matrix pencil of the form (3.20), where all eigenvalues of

G’:[é/ 0 ]

0 (Hj)™
have modulus less than or equal to S~ and all eigenvalues of H have modulus less than 3. It
remains only to determine the dimensions of G and H.

The existence of a decomposition of the form (3.20) implies that the factors of the characteristic
polynomial P (A, ) defined in Assumption 4 are the same as those of

det [A — pG'] - det [NH' — pI] .

This implies the existence of a factorization of the form (3.12), where the {,;} are the eigenvalues
of G and the {n;} are the eigenvalues of H. It follows that G must be of dimension kg x k2 and H
must be of dimension (¢ — k2) X (¢ — k2) . Finally, since by Assumption 4(b), |y;| < 1 for all 4, all
eigenvalues of G must have modulus strictly smaller than 1.

A.5 Proof of Proposition 2
Premultiplying (3.15) by N4 yields the pair of equations

Bz = Goe+ N T9E, (A.41)
H/Et$27t+1 = T2t + N£2F2€t (A42)

using the decomposition (3.20), defining

€T — *
= [ x; ] = (R v, (A.43)

/
and partitioning Nj = [ Nel
Noo ~
Because all eigenvalues of H' have modulus less than 3, and {£,} is bounded for all dates
t > top — 1, there is a unique process {xo;} consistent with (A.42) and such that ||x3|| < 0o, namely

} conformably with the partition of z;.

oo

wor = — Y _(H') NooToEidy ;. (A.44)
=0

Then in any period t, given the past, current and expected future values of the exogenous
disturbance process, and given the lagged expectations of JoF:_1y3,, equation (3.17) determines
the value of X{ngit, while equation (A.44) determines the value of zg; and hence of H'zg;. We
then have a system of equations of the form

X{ X1J2y§t }
Ty, = ’
[0 I, s ]Ng] 22, [ H'zo

to solve for Joy3,, where all elements of the matrix on the right-hand side have been computed.
Since the matrix on the left-hand side is invertible by Assumption 5, this system has a unique
solution for Jays ;. Using this solution, we can in turn solve for

w1 = [I 0] NyJoys,.
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Combining this solution for z1; with (A.44), we have a unique solution for the entire vector x,
given values of JoE; 135, and the evolution of the exogenous disturbances. And given the value
of z; in any period, equations (A.41) and (A.42) uniquely determine the values of Ej [z1+41] and
Ey [H'xg441] respectively. This allows us to uniquely determine

« —1 Eixyi1
JoEvys i1 = Ny { Ey [H 23,041] ] .
Thus starting from given initial conditions JgEtO,ly;tO, we can uniquely solve for z;,, use this to
uniquely solve for JyEyy5 4, 1 1, use this to uniquely solve for 4,11, and so on recursively, eventually
obtaining a unique solution for the entire process {x;}, and hence a unique solution for the entire
process {y3,} , using the relation y3, = R)x;.

This solution {y3,} is the only solution such that ||y3|| < oo, if any solution exists. But one
easily verifies that it is indeed such a solution. By construction, (3.17) is satisfied each period, and
also both (A.41) and (A.42), which suffice to imply that (3.15) is satisfied each period. Moreover,
the fact that all eigenvalues of G have modulus less than 1 implies that the process {z;} constructed
in this way satisfies ||z|| < oo, so that the associated process {y3,} satisfies ||y3|| < oo. Hence all
conditions for a solution are satisfied.

A.6 Proof of Lemma 5

Suppose that (3.2) holds for any period ¢ > ¢y, and suppose that Assumption 2 holds. Lemma 3
then implies that there exist matrices P, @ that define the decomposition (3.6), i.e., a decomposition
of the form (3.10). Assumption 4 then allows us to decompose conditions (3.2) into separate
subsystems as well. It follows from (3.11) that

!/

{{oﬂ _ P{T{ 0} () o [sgal,t]
Yot 0 T3 0 (T, Pt
_ [Ul 0 Uy 0} (17" @14
0 X1 0 Xo || (15%) @y
so that
pro = [U0 01T @+ [ U2 0](T3") 2oy (A.45)
fre = [0 X ](TY) @+ [0 Xa ] (T5") @o (A.46)
Equations (A.45) and (A.46) respectively imply that
pro-Eat = [Un 0](T0Y) (P14~ Eeary) (A.47)
pr1—Batay = [0 X1 (T (rs = Eary) (A.48)

Recall from Assumption 4 that both [ Uy U, ] and [ X1 X5 ] are invertible matrices, and
define the matrices Vi, Vo, Wi, and W5 as in (3.13). Note that it follows from these definitions that

Vih = Iy, Vila=0, WU, =0, VUy=Iiy, (A.49)
WXy = I, WiXo=0, WeX1=0, WeXo=1I;p,. (A.50)

Premultiplying (A.47) by V3 yields (3.21); premultiplying (A.48) by Wy yields (3.22). Hence (3.21)-
(3.22) must hold for all ¢ > ¢o.
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Conversely, suppose that (3.21)-(3.22) hold in some period t > ty. Using (A.45), (3.21) implies
that

[T 0](T5Y) (P — Br—1$ay) = 0.
Similarly, using (A.46), (3.22) implies that

[ 0 1 } (TQ_I)/ (9772,t - Etfl%,t) =0.

Together, these conditions imply that

(T5") (Po = Era@yy) =0

which implies (3.2). Hence (3.2) must hold for all ¢ > ¢.

A.7 Proof of Proposition 3

In order to prove Proposition 3, we make use of the following preliminary result.

Lemma 13 Suppose that there exist matrices P, Q that define a decomposition of the form (3.10),
and that Assumptions 2, 4 and 5 hold. Then the q X q¢ matriz

Wa

1s invertible.

Proof. Let x be an arbitrary vector of length ¢, partitioned as in (A.43). By Assumption 5,
knowing the values of the vectors X|JoRyz and [0 I] N5 Jo Rz allows one to reconstruct the entire
vector JoRhx, and hence all elements of

N} JyRhx = [ ;};2 ] .

Since the elements of [0 I] NjJoRyx = H'zo provide information only about the elements of x9, it
must be that each of the ks independent directions of variation of the elements of x; affects the
elements of X{JoRbx in an independent direction. Thus Assumption 5 implies that the kg X ko
matrix

== X| LR, [ 1’52 ] (A.52)

is invertible.
Next, let ¢ be another arbitrary vector of length ¢, and let

»=N;tp= ?1 ] .
¥ 2 ¥ [(’02
One observes that
Rty = Rl o= | 0 o= 40|
0 H Hpy |’

Then in the case that
p=X1f (A.53)

for some vector f of length ko, it follows that ¢p; = Z'f, where Z is defined in (A.52).
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Because = (and hence Z') is invertible, if for any ¢ of the form (A.53), ; = 0, it follows that
f = 0 and hence that ¢ = 0. But it follows from (A.50) that a vector ¢ has a representation
of the form (A.53) if and only if Wap = 0. Hence if any vector ¢ satisfies both Wa® = 0 and
»; = 0, it must satisfy ¢ = 0. Alternatively, if it satisfies both the linear restrictions Wa® = 0
and [I 0]RaJ5p = 0, it must be a zero vector. It follows from this that the matrix (A.51) must be
invertible. m

We may now proceed with the proof of Proposition 3. Let {72:} be any process satisfying
[|72]] < oo. Because (3.6) is a decomposition of the form (3.10), Lemma 4 guarantees that if
Assumption 2 and 4 are satisfied, then there exist non-singular matrices N2, Ry such that (3.20)
holds. Then premultiplying (3.9) by Ry and using (3.20) yields

b1 = BGEwpy 141 — BT, (A.54)
Etpyi1 = (B_IH)SbQ,t + Tat, (A.55)
where
| P | = ar-1s Tit | _ o a
= - = N. s . = RoTot.
Pt [ Por } Pt [ For ] 2T 2¢

Because all eigenvalues of SG have modulus less than 1, (A.54) has a solution for {¢,;} such that
[|@1]] < oo, given by

b1 =P Z(BG)jEtﬁ,tJrj- (A.56)
=0

Then in any period ¢, the value of
P1 = I 0] RoJypny

is given by (A.56), while the value of Wap,, is given by (3.22). Thus the values of both ¢;, and
Waps, are given as functions of variables that are exogenous and/or predetermined in period ¢. But
Lemma 13 implies that the mapping from the linear space of vectors ¢ to the values of ¢; and Wap
is an isomorphism, so this system of equations can be uniquely solved for the value of ®5,. We thus
obtain a unique solution for @9, as a linear function of F;_1(pq, and the F;7q44; for j > 0.

This solution for ¢y, allows us to solve for ¢y, and substituting this into (A.55) yields a value
for Eipy 11 as a linear function of Ej_1Qq,, 7o, and the Ei7q 4  for j > 0. The solution (A.56)
implies that

e.9]
By = —BY_(BGY Erfviyji1.

j=0
Hence we can solve for the complete vector F;p, ,; as a linear function of E; 19y, and the exogenous
state. Alternatively, we can solve for Fi®y ;1 = NaEip, ; as a linear function of F;_1(y, and the
exogenous state. Thus starting from an initial condition Ey,_199,, we can solve for ¢y and
Et,$91,+1; using this solution we can solve for ¢q, 11 and Ey,11994,49; and so on recursively.

Thus it is possible to solve for the complete evolution {¢y} for all ¢ > tg, given the initial

condition Ey,_1(py, and the evolution of the exogenous state. By construction (A.54) and (A.55)
are satisfied for each ¢ > to, which implies that (3.9) is satisfied for each ¢ > to. Likewise, (3.22) is
satisfied for each ¢t > ¢y by construction. Thus we obtain a process {¢,} that satisfies both (3.9)
for all t > ¢y and (3.22) for all ¢ > t9. Moreover, because all eigenvalues of 571 H have modulus less
than 1, (A.55) implies that the constructed solution satisfies ||@,]| < oo.
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A.8 Proof of Lemma 6

Consider the case of unidimensional policy so that ¢ = p = 1, and thus ¢; = 7.
Suppose that (3.8) hold for all ¢ > tg. The first element of the vector of FOCs (3.8) can be
written

st =41 (A.57)

R T (A.58)

@) = BE, [TV (BL™Y) 71,] (A.59)

for each 1 < j < 7, where IV (i) is the j-th row of the matrix polynomial I" (1) . This gives the
vector of conditions (3.26).
The (7 + 1)-st element of the vector of FOCs (3.8) states that

EpY,, =0, (A.60)

#) = B [BLIT (BLY) 7] (A.61)
which implies (3.27). Here we use the fact that
8 (1) = (=) [€hyr = p T (7))

where e ; is a 1 x (72 + 1) vector of the form ej; ,; = [0...0 1]. Thus both (3.26) and (3.27) must
hold in all periods t > .

To prove the converse, suppose that the processes {71} and {¢ .} satisfy (3.26) and (3.27)
in all periods t > ty. Condition (3.26) implies (A.59) for each 1 < j < 7, which in turn implies
condition (A.57), and condition (A.58) for each 2 < j < n. These are just the first 7 elements of
the vector of FOCs (3.8). Condition (3.27) implies (A.61), which together with the case j = 7 of
(A.59) implies (A.60). This is just the (7 + 1)-st element of the vector of FOCs (3.8). Thus the
entire vector of conditions (3.8) must hold in each period ¢ > t.

A.9 Proof of Proposition 4

To prove Proposition 4, it will be useful to appeal to the following Lemma.

Lemma 14 Suppose that the processes {714} and {¢y,} satisfy (3.26) for allt > to. Then for any
1<j5<n, and any t > to,

Eyzgyjo1 — Er1zgjo = —(=8)77 [@@ - Et—lsbgz ; (A.62)

)

where {05]2 is the j-th element of the vector ¢ ;. When t = g, the expression Eto_lgbggo 1s taken to

refer to the historical expectations BEy, 1[IV (BL™1)71 4]
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Proof. Using the definition (3.25) we have

~(1 —1.(2 _ i—1 (7
Eiziyj 1 —Eraz51 = By {Tg,t)ﬂ-,l - B 1T§,Qﬂ-,2 + ..+ (-8 1)J ngt)}

—E [%gt)-&-j—l - 571%%)4”'—2 +o Tt (_571)%1 %93}
= (=87 B (BL7Y) f14] = Bot [TV (BL7Y) 714] )
= —(-p)7 [¢¥) - Biasl])].

Here, the first equality uses the definition of § (,u)' , and the fact that F;71 4 = E;_171,— for any
k > 1. The second equality uses the definition of I' (1), denotes by I'V () its j-th row. The third
equality uses (3.26). In the case that t = ¢g, the replacement of SE;_; [Fj (6[71) %Lt] by Et_lgbgfg
is justified under the definition of Eto,lgbgfzo proposed above. m

We may now proceed with the proof of Proposition 4. Condition (3.8) implies that (3.26) and
(3.27) must hold for all ¢t > tg, using Lemma 6. The fact that (3.26) holds implies that (A.62) must
also hold for all ¢t > tg, using Lemma 14.

Let us first consider any period t >ty + n — k1. Then

n—ky
Eizprg, = Z (Brr1—j2t1ky — Biojziir) + Bi_(imky) 2tk
j=1
= k k
— k- y ~ y N -
= Y (=g~ M;ﬁflj - Et_jgoitfflj} : (A.63)
j=1

Here the second line uses (A.62) to replace the first term on the right-hand side of the first line,
and uses (3.27) to eliminate the second term.

Given Assumption 6, (3.21) implies that the entire vector [gbu — Et,1¢17t] can be reconstructed
from its first k1 elements, using

N N 1 _ _
Pt — Et—l(Pl,t = [ (’Ic)l ] [901,t - Et—l@l,t] (A-64)

for any ¢ > to + 1, where @, ; is the vector consisting of the first k; elements of ¢, ;. Using (A.64)
to substitute for the terms on the right-hand side of (A.63), we obtain

I

St

1

—(ky+i _ -
Eiziyr, = —(—B) 1) & [Pri11-j — B j@riv1-]

™

J=1
= (=8)" ") @y

St
[

<.
Il
—

n—ky

= (-8 ¢l (A.65)
j=1

= (=8) " tr[oQy],

which establishes (3.30). Here we use the notation ¢} for the j-th row of ® and the notation Q{ for
the j-th column of €2;. In addition, the second line uses Lemma 14 to substitute for the elements
of ¢y 41— — Et—j®1 441—j, and definition (3.28), while the third line uses the definition of (.
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Let us now consider any period tg <t < tg +n — k1. Then

t—to
Eizipn, = Z (Bty1—j2i4k, — Et—jzier,) + B Zign,
j=1
t—to )
= (_ﬁ)_kl Z ¢;Qg + Etozt-‘rkla (A66)
j=1

where the second line is obtained using the same reasoning as was used to derive (A.63) and (A.65).

For the given historical expectations e;,—1, let Z14,—1 be given by (3.31) where Xto—1 1 the
vector whose j-th element is given by (3.32). With this definition, (3.23) together with (3.8) and
Lemma 6 imply that

Vo [@uo] = VaFi,1 [@1,t0} + VaoXiy—1-
Premultiplying by VQEI and noting that ® = —V251V21, this yields
[_(I’ Iﬁ*kl] [9271,1:0 - Eto—l(:bl,to] = Xto—1>
which can alternatively be written
(@ (—Ta—ky)] Wiy = X415 (A.67)

using Lemma 14 and definition (3.28).
For any 1 < j <7 — kj, the j-th row of (A.67) can be written

. ki+j
Oty — (=B)" [Btoztg+k14+j-1 — Eto—12t0+k1 +j—1]

n—ki1—j
ki+j —i -
= (0" Byrzigimrjor— ) (=B $pi@re—is
i=1
or alternatively,
fi—k1—7J n—k1
(=B Enztornrj1= Y, (=B $fpitg—i= > (=BY $hQ% 1.
i=0 h=j
Thus if we let j =t + 1 — tp, we find that
n—kiy
—k
Et()zt+k1 = (_5) ! Z ¢?LQ?
h=t—to+1

Using this to substitute for the final term on the right-hand side of (A.66), we obtain
fi—ki 4
Bz, = (—5)_k1 Z ¢;‘an
j=1
so that (3.30) is satisfied for each ¢y < ¢t < to + 7 — k;. Since we have already shown that (3.30)
holds for any ¢ > tg + 7 — ki, it follows that (3.30) is satisfied for each ¢ > tp.
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A.10 Proof of Lemma 7

For period tp, conditions (3.33) and (3.34) hold by assumption, given the initial condition (3.23)
and the initial Lagrange multipliers (3.31). Next, (3.8) implies ¢; ; = BE,[I'(BL~1)71,] at all dates
t > to, by Lemma 6. Using this, conditions (3.21) in turn imply that

Voo =V Er101, = VaBE, 1 [T(BL™" )14

for all t > ty. Equation (3.33) thus holds in all period ¢ > tg, where Z;;_; is given by (3.34) in
period t = tg, and
i1 = VaBE1[L(BL™) 1]

for all t > to. To prove that (3.34) holds at all dates, we need to show that Vaox, ; = 0 for all
periods t > tp.

Given the initial Lagrange multipliers =; ;, defined in (3.31) and using Proposition 4 implies
that (3.30) must hold at all dates ¢ > ¢y. Condition (3.30) then implies that for any ¢ > ¢y and any
1<j<n—k,

Evzirijo1 = Ei[Braj1zimti1] = (—8) 7" 6@ By 1]
= (-8 " E [(—5)71 G pj1 + ...+ (—=B) "R ¢%—k1wt+j+k1—ﬁ}
= (=M (BT e+ o+ (BT G Byl

n—ki1—j

= (=B) "N (=B) . (A.68)

=0

Using this to substitute for F;_12:45,+—1 in (3.32), we obtain
J / -
Xi—1 = <Z5jEt—1wt =0

for all t > tg, and any 1 < j <7 — k. It follows that x,_; = 0, and hence that Va2x;_; = Ofor all
t > top.

A.11 Proof of Proposition 5

Proposition 4 implies that fulfillment of the target criterion is a necessary condition for fulfillment
of the FOCs, and hence a necessary condition for optimality, in the case of a problem involving any
initial conditions e;,—1 and initial Lagrange multipliers =; ;,—1 defined by (3.31). But consistency
of the paths of the target variables with the target criterion (3.30) is also sufficient for satisfaction
of the FOCs, as established by the following lemma.

Lemma 15 Suppose that Assumption 6 holds and that the evolution of the target variables {71}
fort > to satisfies the target criterion (3.30) for all t > to, given the initial conditions e;,—1. Then
there exists a Lagrange multiplier process {¢y,} for t > to that satisfies conditions (3.8) for all
t > to, (3.21) for all t > to, and the initial condition (3.23), where the vector =1 4,1 is defined by
(8.31).

Proof. Let the process {{;;} be given by (3.26) for all ¢ > tg. Note that if k1 < 7, satisfaction of
(3.30) for all ¢ > to implies that

Eyziri = By[Brpneiy zi4m) = (—B8) "[@ By Qi) = 0
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for any ¢ > tg, using the fact that Fyw;y; = 0 for any ¢ > tg and any j > 1. But if k& =7, ; is a
null matrix, and (3.30) also implies that E;z;157 = 0 in this case as well. Hence the target criterion
(3.30) implies condition (3.27). Then by Lemma 6, the fact that (3.26) and (3.27) hold for all ¢ > ¢
implies that (3.8) holds for all ¢ > ty.

Recall from (A.68) that condition (3.30) also implies

n—ki1—j

Bzt +j-1 = (_5)_(kl+j) Z (_/3)_i ¢;’+iwt—z’

i=0
for any t > tg and any 1 < j <7 — k. It follows that for all ¢ > g and all 1 < j <n — k1:
Erziitjo1 — Bro1zierrjo1 = (—8)" ") ¢y
so that
(=8) [zt — Er-124]

0y = (=B [Erzpiny -1 — Fr124ky-1] _ [ I, ] &,
(=B B2ty — Br—12t1k, ] '

(=B)"Etzt4i-1 — Et—12t+7—1]

Premultiplying by V5 implies in turn that

I _
Vowy = [Vay ng][ (lf)l ]wt:()

for any ¢t > to. For the process {¢;,} given by (3.26) for all ¢ > ¢, we can apply Lemma 14 to
express wy as

Wy = — [@u - Et&%,t}

for all t > tp. Since Vow, = 0 for any t > tp, equation (3.21) must hold for all ¢ > ¢.
To show that the initial condition (3.23) also holds, where the vector Z; 4,1 is defined by (3.31),
note that (A.68) implies

fi—k1—j

(=B)"Y Eyztgsmsior= > (=B) " &yl

1=0

for any 1 < j < — ki. Subtracting ¢}y, + (—B)FrH Ety—12ty4+k1+j—1 on both sides (where again
expectations taken at date typ — 1 denote historical forecasts) yields

, ey i .
_¢jwto + (_5) v [Etozt0+k1+j—1 - EtO*lzto-‘rkl-‘rj—l] = _Xgo—l

where Xgo—l is the j-th element of the vector x;, 1, defined in (3.32). Since the previous expression
holds for any 1 < j < 7 — ky, we may rewrite it in matrix form as

[—tI) Iﬁ—kl] Wey = —Xtg—1s

using definition (3.28). Using again definition (3.28) and Lemma 14 we can equivalently rewrite
this as

[_q) Iﬁ_kl] [@1,1‘/0 - EtO*lgbl,to] = Xt()fl’
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or as
V2¢71,to = VakEy,—1 [@1,1‘/0} + V22Xt0717

after premultiplying on both sides by Vas. Using (3.26) to replace ¢, ;) with SEp, [[(BL71)714,] on
the right-hand side yields the initial condition (3.23), where the vector Z; 4,1 is defined by (3.31).
|

The Lagrange multiplier process referred to in the lemma is given by (3.26). Since (3.30) implies
(3.27), it follows directly from Lemma 6 that these multipliers satisfy (3.8) for all ¢ > ¢¢. It then
remains only to show that (3.21) and (3.23) are satisfied as well, by reversing the steps used to
derive (3.30) from these conditions in the proof of Proposition 4.

Combining Lemma 15 with Proposition 3, one sees that in the case of any bounded process {7}
consistent with the target criterion (3.30) for all ¢ > ¢, there necessarily exists a bounded multiplier
process {@;} for t > to that satisfies conditions (3.1) for all ¢ > ¢y and (3.2) for all ¢ > tp, and
that is consistent with given initial multipliers étofl, as long as the vector étofl is consistent with
(3.31). Moreover, since by Proposition 1(a), there is a unique bounded solution to these equations
consistent with the given initial multipliers, there must be a unique bounded process {7;} consistent
with the target criterion (3.30) for all ¢ > to. (If there were multiple paths {7;} consistent with
the target criterion, each of these would have to correspond to a different solution to the FOCs
consistent with the same initial multipliers (3.31).2° But this would contradict Proposition 1(a).)

Hence the target criterion (3.30) determines a unique bounded solution for the equilibrium
evolution of the endogenous variables. By Proposition 1(b), the evolution determined by this
criterion represents a local linear approximation to the optimal evolution, under the modified
problem defined by initial Lagrange multipliers (3.31). Finally, this way of choosing the initial
multipliers as a function of the initial conditions e, is self-consistent, by Lemma 7.

25Note that the initial multipliers Z2 +,—1 can be chosen arbitrarily, and so could be chosen to be the same in the
case of each of these solutions.
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