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1 Capital Accumulation and the Aggregate Effects of Sectoral Shocks

In the economic environment below, we denote real variables by capital letters. We then denote
the nominal value of any real variable, X, by X. We further denote matrices and vectors by bold

letters, X, and the log of variables by lowercase letters unless explicitly stated, x or x.

1.1  The Production Environment

Consider an economy with N production sectors indexed by i € {1,..., N} (or j). In each period,

t, and sector, i, firms produce gross output using the constant-returns-to scale (CRS) technology,

Qit = Zi Fi (Lit, Kit, Mjyt),

where L;; and Kj; denote respectively labor and capital inputs used by sector i, and M;; € ]Rf isa
vector of intermediate inputs, My = (M, ..., Mit), where M;i; denotes the quantity of materials
produced in sector j used in sector i. Aggregate labor supply, L;, is given exogenously.

New capital goods in sector i, Kj;1 1, are produced using existing capital, K;; and investment,
X;, with the CRS technology,

Kit11 = Ki (Kit, Xit) ,

where X;; € ]R{\J is a vector of investment inputs, X;; = (Xyj, ..., Xnit), where Xjit denotes invest-
ment produced in sector j used in sector i.

We assume the following market structure. At the beginning of period ¢, firms producing
gross output in sector i purchase capital, Ky, at price, Pi%

They then produce output, Q;;, which they sell at price, P;. Once production is complete, these

and hire workers at wage rate, W;.

tirms sell their capital at price, Pg — Rj;, where R;; is the rental price of capital in sector i at date .
Thus, we can think of Pf — Ry as the scrap value of capital used to produce gross output. Firms
producing new capital goods then purchase investment inputs, Xj;, along with existing capital

to produce the stock of new capital goods, Kj;,1, which they sell at price PX ,. This market

it+1°
structure implies the following relationship,

Pz?+1 (1+ 7t)Pzt+1 (1)

where r; is the nominal rate of interest on a risk free bond between periods t and ¢ + 1.
Output-producing firms maximize,

Pthth(th/Kztert thzt Z thlt Wt its
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Figure 1: Production and capital accumulation

t t+1

while firms producing new capital goods maximize,

Py Ki (Kit, Xit) — (Pl% — Rit) Kit — Y _ Py Xjiy.
j

The corresponding first-order conditions (FOCs) are:

PitZitaa]VIJTj; = Py,
PitZithJZ = Rit,
Pz‘tZz‘tgL}lz =W,
z'It<+1§KIC; = Pi% — Rit,
PK oK;

lt+1anit — Ljt-

We define real net output, or real value added, in sector i at date ¢ as,

Yie = Qi — ZMjit-
j

Value Added

Let Y, = Yi P:Y;; denote the nominal value of aggregate GDP at date ¢. Then,

Y, =C + X; = ZPﬁCit + ijthit-
i Jit
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Using the CRS property of K;, we can write nominal aggregate value added as

Y, = Zpitcit + ijtxjitr
i i

aIC; .
= Z P;Ci + Z PiIfH Z W;Xﬁt’ by equation (6),
i i i 04

oK

= sztczt + Z i1 < i1 — aK;I@) , by the CRS property of K,
1

= L PGt L P = 1 (P = Ra) K

—Zm@+2mm+2tﬂmﬂ Z%m,

= sztczt + ZthKzt + Z 1 Kitr — (1+7ri-1) Y PiKr.
i

In other words, the nominal value of undertaking investment comprises two components. One

is the service flow from capital associated with current production, } ; R

itK;t. The other is the re-

sulting Change in the value of the capital stock associated with future production, ¥°; P, ; Kij+1 —

(1 + 7’,571) Zi zt

On the income side, we have that
Y, = ZpitQit - ZPthjit-
i ji
Using the CRS property of F;, we obtain,
Y, = ZpitQit - ZPth it
= sztht sztzztz aM M

OF; . oF

=) P;Q; PyZ; —Kjp — ——
Zj: 1tQ1t Z it zt< i aKzt it aLit

= WiL; + K,

where K? =) ; RiiKj; is the value of current capital services.
Finally, these equations imply that

X =Ki+Kip1 — (14+71-1) K,

Lit>

where K;1 = ¥, P K. 1Kit11 reflects the nominal value of the aggregate capital stock at the end of

period t. It then also follows that the nominal aggregate wage bill satisfies W;L; = C; + K1 —

(1 + T’tfl) Kt.
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1.1.1  Real GDP, Consumption, and Capital

So far, we have defined value added in nominal terms. We next define the (percentage) change
in real GDP, independently of prices.

Definition 1 (Change in Real GDP). Consider a change in the economic environment, and define the
resulting change in real GDP as,

dlogY; = Z Sitdlog Yi, (7)

where Sy = (PyYi;)/ Y, is sector i's nominal share in aggregate GDP (its aggregate value added share).
Similarly, we can define the change in real consumption and investment as,

dlogC; = Z %Clt dlog Cy, (8)

d IOg Xt = Z X]” d log X]zt/ (9)
i

such that

dlogY; = St dlog C + Syt dlog Xy, (10)

where S.; = ét / Yt and Sy = X,/ Yt denote respectively the nominal shares of aggregate consumption and
aggregate investment in GDP.

Put another way,
dlogY; =) Sidlog Yy,
i

. ' PitClt lt Z]t B
- ZSlt (PltYlt dl 1t+2 1tY1t leng]t ’

— Z ltclt

0g i+ Y- 2 410 Xy,
o

which gives equation (10).



PUBLIC/OFFICIAL RELEASE // EXTERNAL

Finally,
dlogY; = Sqt dlog Cy + Syt dlog X,
= St dlog Cy + E P”Ti(]” dlog Xjis
i

_ dl PlIt<+1 a}Cl dl
= S dlogCy + Z Y Z 3% Xijit dlog Xjit
i j

d log int

P§  Kity1 — dlogK;
= Sydlog C, + Y L !
ct &Lt ,Z Yt ;alogXﬂt

PK K dlog IC;
= SydlogC, + Y LT (dlo Kijig — —2"dlo K')
ct gl ; Yt &K1 alogKl-t g Kt

P 1 Kit 11 (P-K—Rt)K't
= SudlogCr+ Y LT Jlog Ky g — —it 2" 4160 K;
ct gLt ; Y, g Kit+ PZ'It<+1Kit+l & Kit
= St dlog Ci+
P Kit+1

it+1
L5

i t

R;K; PKK;
dlogKi1+) llt? Ldlog Ky — (1+74_1) ) %dlog Kj. (11)
T P Y

We then define the change in the real value of capital as follows.

Definition 2 (Change in Real Aggregate Capital). Consider a change in the economic environment.
We define the resulting real change in the the service flow from capital, dlog K3, and the value of the
capital stock, dlog K, as

dlogK; =Y % dlog K;;, (12)
i t

PXK;
dlogK; = Z”TttdlogK”' (13)
1
The change in the service flow from capital, dlog K3, reflects the change in the productive
capacity of capital across sectors with respect to current production. In contrast, the change in
the stock of capital, dlog K;, captures the continuation value of capital with respect to production
in all future periods. We can think of the latter as the change in the real value of wealth embodied

in the stocks of capital across all sectors. It follows that we can now write equation (11) as

Y
dlogY; = St dlog C; + Sy dlog K]S»t + SZ; dlogKii1 — (14 14-1) <§7tl> S;;_l dlog Ky, (14)

where S = (Y RiiKit) / Y; denotes the income share of capital services, and S]jt = (Y% P{f 1 Kir1)/ Y,
denotes the ratio of total assets (capital) to income (GDP) at the end of period t. Put differently,
a change in the real value of investment, Sy:d log X;, reflects two underlying changes, i) a change
in the service flow from capital corresponding to a change in current production, Sy d log K,
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and ii) a change in the continuation value of the capital stock associated with changes in future
production, S dlog K11 — % Si_,dlogK;.
t

1.1.2 Relationship to Tobin’s Q

We can re-write the problem faced by investment firms by first defining C}, as the cost of produc-

ing new capital goods, Kj;11

Cllt (Kz'tJrl) = n}}in (Pf — Rit) Kit + EPth]‘it subject to Kit+1 = ICi (Kit/ Xit) ,
j

jit

and then maximizing profits, Pilf 1 Kirr1 — Clﬂ (Kit+1)-

Written in this way, Tobin’s Q is defined as

Q't — PZ'It<+1
4 = .
oC}, (Kit1) /9Kt

Under our baseline assumptions, where K; is a CRS aggregator, we can write CL (Kj11) =

1. . 11 . K _ pl
P;Kit11. In this case, equilibrium ensures that P, = P,

Qi+ = 1. In other words, this specification corresponds to a case with no adjustment costs. When

and, therefore, that Tobin’s Q is unity,
Ki is given by a DRS aggregator, Tobin’s Q exceeds unity.

1.2 Hulten’s Theorem: The Static Aggregate Effects of Sectoral Productivity Changes

In a seminal paper, Hulten (1978) relies on the characterization of production efficiency in a static
environment to show that the effect of a unit productivity shock in a sector on real aggregate GDP,
to a first-order of approximation, is the ratio of that sector’s gross output to GDP (sectoral Domar
weights).

In this context, Hulten’s theorem considers a change in sector i’s productivity in any period, ¢,
dlog Zj, that leaves productivity in all other sectors, aggregate labor supply, and sectoral capital

unchanged. Then,

dlog Yt _ Dl't = PitNQit ‘ (15)

dlog Zj Y,

Proof. We begin by defining a single-period aggregate value added function derived from maxi-
mizing aggregate value added given a vector of arbitrary sectoral prices, P, the size of the labor
force, L;, and a vector summarizing sectoral capital stocks, K;:

T (P;Ki, L Zy) = {?%}Zﬁt (Zit]-'i (Lit, Kit, M) — ZMijt> subject to ) "Ly < Ly.
itr t l ] ]
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The corresponding first-order conditions (FOCs) are

< oFi

PitZitm = Pjt/ and P, Z L Wi, (16)
Jt

ity L,
where W; is the Lagrange multiplier associated with the constraint on sectoral labor input. When
evaluated at equilibrium prices, P; and W;, these FOCs coincide with those making up the com-
petitive equilibrium in equations (2) and (4).

We then define the production possibilities function, Z (Y;; Ky, L; Z;) < 0, such that

Z (YK, L;Zy) =sup B Y, — T (P Ky, Li; Zy), (17)
P,

where the production possibilities frontier is then given by Z (Y;; K, Li; Z;) = 0.
The FOC characterizing the supremum in equation (17) is given by

9T

Y' - <
it aPz‘t

= Qit — )_ M. (18)
i
In a competitive equilibrium, equations (16) and (18) (market clearing) are satisfied at equilib-

rium prices, P; and W;. Applying the envelope condition to the definition of the production
possibilities function in equation (17), we obtain

02y T _ PuQi

i 0y  Zi (19)
0Z; _

aT/z‘t = Py, (20)
02 _ 0Tt _ o, 0Fi _ o

where the value of P; that achieves the supremum in the definition of Z coincides with market
equilibrium prices.

The definition of the production possibilities frontier, Z; = 0, implies that

9Z, < AZ Yy
AZyy oY dZy

T Alternatively, the production possibilities function may be described by the feasible set associated with net sectoral
production, defined as

P (Kt, Lt; Zt) = Npepi {Q :P-Q-T (ﬁ}Kt, Lt;Zt> < 0} ,
characterized by the condition, Z (Y;; K¢, Ly; Z;) < 0.
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Then,

dlogY: 2 Py, d1og Yj

dlog Zj ; Y dlogZj
Zit ) dYﬁ
5. Xz,

_ Zip 02 Yy

a 71‘ i aT(J‘deif

 Zjy0Z

T Y, 0Zy

_ PuQir

from equation (20)

7 = D;; from equation (19).
t

1.2.1  An Alternative Proof

In anticipation of our main theorem 1, we present an alternative proof of the static aggregate
effects of sectoral shocks highlighted by Hulten’s theorem. Within a broader dynamic environ-
ment, this alternative proof recasts the theorem as applying to the current period, taking future
prices and allocations as given.

Proof. Define a function capturing the total value of both consumption and end-period capital

given arbitrary vectors of product prices, P}, and end-of-period capital prices, 15{11,

TW <15t, Pt Ky, Ly; Zt) = max Y P (Yit - injt> + EP}?HICZ- (Kit, Xit) , (22)
j i

%X} 5
subject to Z (Y; K, Li; Z;) <0, (23)
with corresponding FOCs,
< 02
Py = Ai=—, 2
y Lo 0K
By =P =L, 2
it Tt Xt (25)

where A; is the Lagrange multiplier associated with the constraint in equation (23).
Analogously to the previous section, we can now define a single-period dynamic production
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possibilities function,?

Z(l) (Ct,Kt+1}Kt,Lt} Zt) = Ssup Pt -Cr+ 13{11 “Kipq — T(l) (Pt, ptlil)Kt, Lt}Zt> ’

<
PP,

with corresponding production possibilities frontier given by Z M (Ct,Ki+1; K, Li; Zy) = 0. The
corresponding FOCs are,

o7,V
=Y —)_ X, (26)
j

Kitr1 = —<— = K; (Kit, Xit) . (27)

Absent distortions, these equations characterizing production efficiency hold in competitive equi-
librium. Then, comparing equation (6) with equation (25), and substituting equation (20) into
equation (24), it follows that A; = 1, and that the values of (Pt, Ptlil) that achieve the supremum
in the definition of 7 satisfy P; = P;; and PX , = PX ,.

Applying the envelope condition to the single-period dynamic production possibilities fron-

tier, we obtain

oz) o1 9z oz

9Zy  Zy  9Zy  9Zy

aZt(l) — _87;(1) = A 92 _ pK oKt

o0K;  oK; 9K, 19K,

oF; oK,
- —Pitzitﬁ — P}fﬂﬁ — —Ry — PX4 Ry = —PX,

GZt(l) .

aCZ‘t — Lits

1

8375) = pK .
aKi,t-l—l it+1

It is now straightforward to re-derive Hulten’s theorem. First, Zt(l) = 0 implies that

azlV ozl dc 02" dKji1 _
oZy 5 oCy dZiy T OKjp1 dZy

2In this case, the feasible set for consumption and capital goods satisfies

P (Kt,Li; Zt) = ﬂ( {(Ct/Kt+1) PG+ 13;111 “Kipq — T (pt/ ﬁt+l}Kt/Lt;Zt) < 0} ,

Pf,ﬁ,ﬂ)e]R{r

characterized by the condition zm (Ct,Kyy1;Kt, Li; Zy) < 0.

10
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Then, from the envelope conditions, we can re-write this expression as

Q dCij; Kjt1
lt it Z tdZ] Z ]t+1 +
dlog C]t

dlog Kt 11
2 it+1 Jf+1m

D — Pz‘th‘t _ Z jtcjt dlog C]t Z ]t+1 ]t+1 dlog K 41
l Yi Y, dlogZi Y; dlog Z;

:>Pthzt - ZP]fC]f

Since Kj; is given in period f in all sectors, dlogK;; = 0 Vj in equation (11) or, alternatively, in
equation (14). It then follows that

dlog Y; . Pt Qi
dlog Zit Yt

- Dlt

1.3 Hulten’s Theorem in a Dynamic Economy

We now address the aggregate effects of sectoral shocks in a dynamic setting. In this section, we
continue to consider general preferences and technologies but assume perfect foresight.

Theorem 1 (Hulten’s Theorem in a Dynamic Economy). Consider a shock to the productivity of sector
i, known in period t, that takes place in some period T > t. Then, for any T > 0, sector i’s Domar weight
at date T equates to the following sequence of responses in real aggregate consumption and capital over
periods t to t 4+ T:

blq ?t/ d log Cy HT-1 Yt—l—T + d log KiiT41
Diz = Z (H 1+rm ?T S dlog Zi: + H 1+7ry Y, Sk t+T dlogZir '

t<t/<t+T \t'=t t'=t

where changes in real aggregate consumption and the stock of capital are defined as in equations (8) and

(13).

Proof. We extend the function characterizing current period total consumption and end-of-period
capital to some period, T, given vectors of product prices, P; to Py, 1, and capital prices in the

final period, P Here, as shown below, the * ~ ’ notation implicitly captures the notion of

t+T+l
discounting in the mapping to market equilibrium prices. Thus, we define

11
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70 (ﬁt, e /E+T/ EISFTH}Kt, Ly, ,Liy7; 2y, - - - rZH—T)

= {Igg?t(} ;Et (Yz’t - ]ZXijt> + -+ Zi:ﬁi“rT (Yit+T - ;Xijt+T>
+- Zﬁitwﬂ’ci (Kitv 1, Xity 1)
i
subject to
Z (YK, Li; Z) <0, -+, Z Yy K1, Liss Ziy ) <0,
Kity1 = Ki (Kit, Xit), -+, Kitrr11 = Ki (Kipyr, Xipgr), i=1---N,

with corresponding FOCs,

~ 0Z
D, = ATaTT’ t<tT<t+T, (28)

iT

oKC; 0Z;
R = —A—", t+1<t<t+T,
Nir—1 — Yit 9K, TaKi-r +1< 7t t+ (29)
P K cr<iiTo1 (30)
= 1; , <1< -1, 0
iT U]TaXijT 3

Prar = P, gy (31)
it+T = jt+T+1m/ 31

where A; and 7;; denote the Lagrange multipliers associated with the constraints on Z: and
Kir41 respectively.
We can then define the dynamic production possibilities function,

Z(T) (Ct/ Tty Ct+T/ Kt+T+1; Kt/ Lt/ Tty Lf+T; Ztl Tt /Zf+T) S O/
such that
2z (Ct,- -, Coyr, Keyry1;Ke, Ly, -+, Lis1s Zsy - -+, Zis7)

=sup P,-Ci+--+Pyr-Cor+ 13{1“1 “Kitm41

P, pPK
PPz,

- T(T) (Ptl ttty Pt+T/ P{iT-}-l;Kt/ Lt/ Tty Lt+T; Zt/ tty ZerTt) ’
with corresponding dynamic production possibilities frontier,

Z(T) (Ct/ Tty Ct+T/ Kt+T+1;Kt/ Lf/ trty Lt+T; Ztl ct /Zt+T) == 0

12
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The corresponding FOCs are,

YA
Cir = —=— = Yir — Y Xijr, t<t<t+T, (32)
op; -
YA
Kityri1 = —= = K (Kit1, Xit+1) (33)
9Piti141

where the RHS of these last two equations follows from the envelope condition.
Comparing these FOCs with market equilibrium conditions, equations (20) and (28) imply
P; = A+Py. Then, from equations (6) and (30), we find

Pr _ P

T Pk
Nie  Pig

= Wit = e Pji—&-l' (34)

In addition, equations (21) and (29) imply

oC;
AT Rir = Wir—1 — 771'1'81(7‘1/
iT

= Nir—1 — 771'1';/
= Ac 1 PE—Ac (PE-Ry),

= Ac1 P = Ac ((L4+7e1) PE=Re),

A
:ATRiT+ATPiI-<[< /z 1 _(]—}—T’T_l)) .
T

where the second equality follows from equation (5), and we have substituted equations (1) and
(34) in the third and fourth equalities. It follows that

Ae 1 (35)
AT—l B 1+ rT—ll 3
and, letting A; = 1, we find that
7—1
Ac=1]] t+1<t<t+T. (36)

7
P 1 + 8%

In addition, combing equation (6) in the final period,

K oK;
P't+T+1 = Dittr,
/ OXijrrT

13
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with equation (31) gives

~

P\K o Pit+TP[<
jt+T+1 — P‘t+T jt+T+1
1

_ K
= At+TP]'t+T+1

which maps the prices, (ﬁt,ﬁtKH), in the supremum definition of Z (T) into market equilibrium

prices.
Applying the envelope condition, we now have,

ozM _ aT™ _ A9Zr _ \ PrQi
aZiT aZiT TaZiT ! ZiT ’
Z(T) R
O —Bi=AdPy,  t<TSIET,
1T
az(M
8K»£+T = Pz'It<+T+1 P AVEy Pz'It<+T+1-
1

Then, the dynamic production possibilities frontier implies that in a competitive equilibrium,

92(T) 9Z(T) dcjt/+ 0ZM dKjpiri1
7 0Cjy dZic S OKjrp dZi

7

aZlT t§t’§T

which implies

K
PirQir ~ Piy dCjy ~ Py iri1 dKjpy i1
= =7; Ay = + A A 4
1T Z t X]: Y-p dzir H_TX]': % dzir
1

T

. ﬁ Yy y P Cjy dlog Cy
147w YT - ?t’ d log Zi;

F<H<t+T \t'=t j

tﬁl 1 17t+T Z P]-Ift+T+1Kj,t+T+1 dlog K141
1+ Yy ?T j 17tJrT d log ZiT

t'=t

bl Yy dlog Cy
N Z <H 1+1"y/> (?T Sd/ dlogZiT+

t<H<t+T \f'=t
tﬁl 1 Yiir ot dlog Kii741 (37)
141y Y, AT dlog Zir 37

t'=t

More generally, Theorem 1 gives us three key corollaries below,

14
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Corollary 1. Let T =tand T = 0, then

dlog C; 4 dlogKiy1  dlogY;
dlog Zi M dlogZy; — dlogZy'|

Dit = Sc,t

As in the static economy, Domar weights reflect the effects of sectoral productivity shocks
on GDP in the current period. However, in contrast to the static economy, there now exists a

distinction between consumption and GDP. Thus, we have,

Corollary 2. Let T > 0 and consider a productivity shock in sector i that takes place at date t. Then,

D = cht + Dﬁ
dlog C;
here Df, = Scp——2——
where Dy, SCtlegZit,
BT Yy dlog Cy
Dj; = Tt St !
! t’:;—&-l <t”1——It 1+ rf/’) (Yt ) “ dlog Zit

t'=t

HT-1 q YT dlogK
n +T+1
+ ( H 1+ 7’t’> < Yt Skt+T dlog Zs; (38)

It follows from corollary 1 and corollary 2 that

dlog X, el Yy dlog Cy
— DX = ~ !
Sx,t d log Zit it E I_I 1 + Ty Yt SCt d log Zif

V=t+1 \t"=t

+ tﬁl 1 17t+T S+ legKt+T+1
1+ry Y, M+T dlog Zi;

t'=t

Corollary 3. Let T > 0 and consider a productivity shock in sector i that takes place at date t. Then,

dlogYy S dlog K3
dlogZ; kT g log Z;;’

Proof. Consider equation (37) from the standpoint of periods T — 1 and T, and equate the right-
hand-sides of these equations to obtain, for Tt <t + T,

S+

_ = = (39)
MAT1 dlog Zi (14 rer7—1)YirT—1

dlogKiir Yiir dlogCrir | o dlogKiiria
e+ T dlog Zi: M+ dlog Z;r '

15
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Now, using equation (14), while replacing t + T with ¢, gives

dlog Y} dlog C; dlog K,
dlog Zi: - o dlog Zi: + Sk dlog Zi;
L dlogKip1 Y1 (I+7r1)
K dlog Z;: Y,
_ dlog K}
TRy log Ziv’

S,:rt_l dlog K,

T < t.

1.4 Hulten’s Theorem and Consumption Efficiency

To this point, our findings on the aggregate effects of sectoral shocks over time have relied solely
on efficient production. These findings also have a partial interpretation in terms of efficient
consumption. Thus, consider the production environment described in Section 1.1 where, in

each period t, a representative household maximizes the following present-discounted utility,

vi=)Y LU <‘L:T> , (40)
=t T

given its labor income. The next proposition relates Domar weights to the response in continua-

tion utility, V}, to sectoral shocks.

Proposition 1. Let household preferences be given by equation (40) in the economic environment described
in Section 1.1. Then, sector i’s Domar weight gives the following weighted response in continuation utility

to a productivity change in sector i,

Sect dlog V;

Dj = ,
ET LU/ V) 9log Zy

(41)

where Ly (Uy / Vy) is the ratio of current utility to lifetime utility, and where e; = dlog € (Uy; P;) /0 log U;
is the utility elasticity of the expenditure function £ (-;-).

Proof. We can write

C
.71 = =t 7 (1) 7 (t41)
Vs (Kt, L\.z ) Ctrrl}g):l LU <Lt> + B Vi (Kt+1/ L 2 Z ) ,

subject to Z1) (C;, Ky41; K, Li; Zy) < 0.
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The corresponding FOCs are

BZ()

Ct =Gt Py, (42)

Wi az§> _ap
OKirr1 0Ky i

where J;U4; denotes the partial derivative of U (%) with respect to its i" argument, and where
¢: is the Lagrange multiplier associated with the constraint.

In the static utility maximization problem, ¢; is the marginal utility of total per capita nominal
consumption expenditure, @/ L;, at date t. Thus, let £ (-; P;) denote the expenditure function
corresponding to the utility function, ¢/ (-). We then have

1 0&UsP) Ci/Ly ¢
& Uy U "

where ¢; = dlog & (Uy; P;) /dlogU;. In addition, the envelope condition gives

Vi, 9z
oK, ' 9K’
V) _CaZ” _ g PuQu
0zy  oazy 7 Zy
The last equation, in particular, implies
Zi 1 oV
D' - 717 ’
! ét Yt aZit

G Vi dlogV
Y LtZ/{t alogZ,-t'

O

As an example, consider U (C) = logC (C) where C (C) is homogenous function of first order.

Then &; = U; and equation (41) becomes,

o (Vi/Ly)

Dy =S4 —————=.
it ot dlog Z;

(43)

2 A Structural Model with Production Linkages in Investment and

Intermediate Inputs

Preferences are given by

V= ZﬁT u(c E,BT "log C,,
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where C; is a consumption bundle defined by C; = []; Cf;, 6; > 0Viand Y ;0; = 1, which we
take to be the numéraire good.

In each sector, i, value added from capital, Kj;, and labor, L;;, is produced according to,

 (Kq L% Li (1-a;)
w= () (a2a) 4

where a; € (0,1). Gross output is then produced by combining the value added from capital and
labor with materials according to

Yﬁ)% ( My > (1=7:)@ji
it — Zl - ’
Qi =2 <’Y' 11 (1= i) ¢ji (4

! i

where v;, € (0,1), and Zj ¢ii =1, ¢ji > 0], 1, so that production requires intermediate inputs in
every sector. In equation (45), Z;; represents gross output TFP in sector i and value added TFP,
1
Z¥,isthen Z} = (Zy)" .3 We let sectoral productivity follows the process,
Zit = Zit—1+ g + €ty (46)

where €;; is i.i.d. across sectors and over time with E;_1(e;) = 0 Vi and t. Equation (46) implies
that, as in the empirical data, real quantities in the economy will be stationary in (log) first
differences but not in (log) levels. That said, because we aim to work with a global solution to
the household’s problem, rather than one linearized around a non-stochastic steady state, our
analysis will allow for a seamless transition between levels and growth rates.

Let

1-¢; X\ 1% , ,
Kity1 = xiK;, ’H — , Ko given Vi,
j

ji

where Z]- wji = 1, wjj Z 0 Vj,i. In each sector, additions to the capital stock reflect a geometric
average of investment in new capital and past capital stocks. The parameter, {;, captures adjust-
ment costs in investment. When ; = 0, adjustment costs are infinite and capital becomes a static
factor of production. In that case, sectoral shocks cannot propagate to future periods by way of
capital accumulation and, therefore, cannot affect future production or consumption.*

3This implies that z}; = %Zit/ where recall that z}; = log Z}{ and similarly for z;;. All results described throughout
this paper may be derived in terms of either gross output TFP or value added TFP. Importantly, while Domar weights
are the appropriate weights for aggregating sectoral gross output TFP, sectoral value added TFP is appropriately
aggregated using sectoral value added shares in GDP. That is, Hulten’s theorem, framed in terms of value added TFP,
yields value added shares in GDP rather than Domar weights. Unlike Domar weights, sectoral value added shares in

GDP are convenient in that they sum to unity and directly reflect the relative sizes of sectors in the economy.

+ Wi £
4In the steady state, K; = X;i IT; (in/ wﬁ) ", so that 1/ X;' denotes the investment rate needed to maintain a
constant capital stock in the long run.
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Finally, market clearing in goods requires that in each sector, i,
N N
Cit + Y Mji + Y _ Xjir = Qu,
j=1 j=1

while, in the labor market,
N
Y Lip =Lt
i

We use the following notation to define the vectors, ¢; = (c¢it), ki = (kit), zt = (zi), etc.,
and the model parameters, 8 = (6;), &y = diag (w;), {4 = diag ({;), ya = diag (7i), ® = [¢s],

QO = [wyj], ete.

2.1 Dynamic Programming Formulation

Recall that for any real variable, X, x = log X. We solve the planner’s problem by solving for the

recursive version of the Bellman equation,

V(ki,zi) = max {0¢c;+ BEi [V (kis1,zi41)]},
crkip1,me,x;
and derive the corresponding policy functions and value function, expressed in terms of the log
of the state variables, k; and z;. We conjecture that the value function is linear in the (log of the)
state variables,
V(kt, z1) = Byki + Bz + B, (47)

where a ‘prime’ denotes the transpose of a vector or matrix. Here, the coefficients By and B,
are N x 1 vectors and B is a scalar. We include the problem’s constraints by way of Lagrange
multipliers. Given the process governing sectoral productivity shocks in equation (46), E¢(z;11) =
z; + g° and, since next period’s capital stock is known once chosen this period, the Bellman
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equation with constraints becomes

V (kt,zt) = max {0'c;+ B (Bikii1 +Blz: + B.g" + B)}, (P1)

crkiy1mex:

N N
+ ) i (Zit +viyie + (1 —71) Y jimiie — gie — CDi)
= =1

i=1 j=

N
+ ) vir (ki + (1 — )i — yir — Qi)
i=1

N N N
+ Z Hit (eXP (q:t) —exp (cit) — 21 exp (mijr) — Z; exp (xijt)>
- - i

i=1 j
N N

+Y i ((1 — Ci) kit + 8i Y wjixjie — kirr1 — £ ) wjilog wji + log x;
i—1 j=1 i
N

+) & [Lt —) exp (git)] ,
i=1 i

where @; = y;logy; + (1 — ;) Y i log(1 — 7;)¢;i and ¢; = a;loga; + (1 — &;)log(1 — ;). The

goal is to obtain the policy functions, c;; = c;(kt, z¢) and ki1 = ki(kt, z¢), by solving for the
unknown coefficients, By, B;, and B in terms of the model parameters, 0, a;, 74, ®, Q, etc.

2.2 Solving for the Policy Functions

The FOC’s with respect to git, yit, Cit, kit+1, Mjit, Xjir, and £;; are

Yir = pitQit, (43)

YitYi = Vit (49)

0; = itCit, (50)

B Bri = 1it, (51)

it (1 —7i) ¢ji = wjtMjit, (52)
1itGiwji = Wit Xjit, (53)

vit (1 —a;) = GeLit. (54)

The last FOC with respect to labor input can be expressed alternatively as

Yithie (1 — ;) = CeLi.
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First, let us solve for kj;+1 from the capital accumulation equation and equation (53),

NitGiw;i

Hjt

kit1 = (1= i) ki + 2 )_wjilog — i )_wijilogwji + log xi
j j

= (1— i) ki + Gilog nie — §i Y wjilog pji + Cilog Z; + log xi,
j
or, in vector form,

ki1 = (I—Tq) ki + Tqlognr — 40 log py + Lqlog § + log x. (55)

Equation (51) gives us
BBx = 1. (56)

Substituting the FOC’s (48), (50), (52), and (53) into the economy’s resource constraint gives

Yie _ 6 iy wiiCjtje iy (1 =) ¢y lpjt’
Uit Uit 7 Uit 7 Uit

or
(I—=®(I—4)) ¢ =0+QLan:.

It then follows that

Pr=T—®(I—7:))" (0+QLy)
=(I-®(I—9:))" (0+BOLyBy). (57)

From equation (54), we have that }; ¢ (1 — ;) v; = &L or (assuming WLOG L; = 1),

& =1 (I - ag) vatpr
=1 (I—ag)ya(I—®(I—72)"" (6+BQ5;By), (58)

where 1is an N x 1 vector of ones. Since ¢y, #;, and ¢; are constant, hereafter we omit their time
subscript.
The production of value added in log terms implies that

yir = aikie + (1 — ;) lis — 0,
and that of gross output,

it = zit + vivie + (L= 71) Y pjimjie — @,
j
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so that substituting equations (48), (52) and (54) into this last expression, we obtain

i 1—a;)vi;
log <;/Zi> = zit + a;yi kit + (1 — o) 7; log (%M)

(1 =) ¢ji it

— W; — 7i0i,
Hit > ©

+ (1 =) )_¢ji log <
j
which gives us the following expression,

(I—(I—va)® )it =zt —agyakse + (I — (I —ag) ya— (I —ya)) 9
+(I—ag) ya1l +d, (59)

where 7i, = log p;, P = log ¢, Z= log ¢, and, recalling the definition of @; and ¢;,

di = ajyilogaiy;.
Define the Leontief inverse,>
L=(T—(I—y)®) " (60)
We can then re-write equation (59) as
pr = —Lz; — Lagysk: + Ay, (61)

where A, = L [(I — (I —ag)va— (I —9) P+ (I — ag) 74 + d} is constant. Equation (50) then
gives us the policy function for consumption,

ct (ki zi) = Lzt + Lagygk: +1log — A, (62)
Similarly, using the capital accumulation equation (55) along with equations (56) and (61) gives

ka1 (ke ze) = (I —Tg) ke + Cqlogny — CaQY log py + Lqlog T + log x
= (I = Qq) ki + 4’ (L2t + Lagyaks — Ay) + Lalog BBy + Lalog T + log x,

or
ki1 (ki ze) = §a Lzi + (I — §g + 0aQY Lagya) ke + Ay, (63)

where Ay = {log BB — {4V A, + [ylog { +log x is a constant.
Note that since value added TFP is given by z = 'yd’lzt, we can alternatively express these

50Observe then that in equations (57) and (58), (I — ® (I — 'y,;,))_1 =L
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policy functions as,
ci (ki z) ) = Lozl + Lagvaki +1og0 — Ay, (64)

and
ki1 (kt, Zty> = OV Lyaz) + (I —Ta+ TaQ Logya) ki + Ag. (65)
2.3 Solving the Bellman Equation

We now solve for the unknowns, By, B; and B in our conjectured functional form for the value

function (47). The policy functions (62) and (63) imply that the Bellman equation takes the form,

Biki+ Bzt + B = 0" (Lz¢ + Lagyk: +1og0 — Ay)
+B (B,/( (Cdﬂ/ﬁzt + (I —C4+ CdQ’Eocd'yd) ki + Ak) + B;Zt + B;gz + B) .

Collecting terms associated with k; gives us a solution for By,
B, = 0" Layys+ BBy (I —Ta+TaQY Lagya), (66)

or
B, = 0 Cayyy [I—B(I—Ts+ 00 Cagya)] 67)

In particular, using the policy functions (62) and (63), one can show that®

dc
B]/( — ﬁT—(t-ﬁ-l) T , (68)
T:Zt—:&-l aklufl
where recall that c; is the log of aggregate consumption at date 7, log C; (a scalar), and k1 is
the vector of capital stocks (in logs). In other words, given that k; is fixed in period ¢, By captures

the change in households’ future consumption induced by changes in investment across sectors.

Proof. From the definition of the log of aggregate consumption, we can express the RHS of

6Let y = (Y1, yn) and x = (x1,..., xm)". We define matrix derivatives using the numerical layout convention,

[al} = Wi
Jdx ij aX/"
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equation (68) as:

dc dc
(t+1) T (t+1) 9/ Cr
L P ki1 L BT ok; 11

T=t+1 T=t+1

dcr Jk;
— (t+1) 6/ T
T;H B S ok

= BTG Loy,
T;rl ak

Bk
—0 ‘C“d'Yd ‘B (t+1) T
Tgl akt-H

_ Glﬁad')’d Z ﬁT*(tle) (I o gd + gdn/wd')’d)l—i(wl)
T=t+1

= G’Ead'yd [I - ,B (I - gd + gdﬂl‘c’“d’yd)] -

_ B,

Finally, given By, it follows that B, solves
B, = 0'L + BB, L + BB, (69)

while B solves
=0 (log0—A,) + B (BLAx+B.g"+B). (70)

2.4 The Dynamics of Sectoral Growth Rates

As illustrated in Figure 2, sectoral TFP in practice is stationary in first differences but not in
levels. Real quantities such as consumption, value added or gross output inherit these properties
both at the sectoral and aggregate level, as they do in the model given the process described in
equation (46). It then becomes necessary to recast the analysis of the aggregate implications of
sectoral productivity disturbances in terms of growth rates. To that end, we simply take the first
difference in the policy functions (62) and (63) to obtain,

’ACt = LAZt + thd')/dAkt,

(71)

and

Ak = gV LAz + (I — Tq+ Ta QY Lagyy) Ak (72)

In the long run, absent shocks, the economy eventually reaches a steady state in which all
real quantities grow at constant rates. In particular, let Ac* and Ak* denote the long-run growth

rate of consumption and capital in the different sectors. Then, in a non-stochastic steady state,
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Azy = g7 Vt so that
AK* = (I - Q' Lagyy) 'O LG, (73)

and
Ac* =L (I +agyq (I — Q/Lad'yd)_lﬂ’ﬁ) g°. (74)

While sectoral growth rates differ in that steady state, the aggregate economy evolves along a
balanced growth path in which all shares are constant (see Foerster et al. (2022)). More generally,
given equations (71) and (72), the equilibrium trajectories of all other variables may readily be
obtained. For example, Ay; = —Ac; and so on.

2.5 Domar Weights and Sectoral Value Added Shares in GDP

We now turn to the behavior of the aggregate economy. To do so, we first need to describe
the weights used in aggregation. In particular, aggregate TFP growth, denoted Az;, may be
described either as the value-added-share-weighted sum of value-added TFP growth, ¥; S;AzY,
where S;; = (PyQir — 2]- Pthﬁt)/ Y, or the Domar-weighted sum of gross output TFP growth,
Y.i DitAziy, where Dj; = (PitQit)/?t-

Nominal value added in sector i is defined as
PyQit — Y PitMji,
j

where P; is the price of sector i’s goods in units of the consumption bundle, C; (recall that
C; is the numéraire good where C; = Y_; P;Cj;). Value added in sector i is that sector’s gross
production net of material purchases. Nominal GDP is then

Y PuQir — Y PiMjy = Y PyQu — )_ PiMijy
i i i i
=Y PuCit + ) PuXijs
i i
=Ci + X;.

Let A; denote the marginal utility of total consumption, C; at date t. It follows that the marginal
utility of consuming good i at date f is p;; = Ay P;. From equation (48), we can then write sector
i’s nominal gross output as

1 .
Py Qi = E%‘tQit = Klt,
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Moreover, value added in sector i is

1 1
PitQit — ) PieMjir = A FirQit = ) it Miin
] j

1 1
AV A, ;%(1 = Vi) @ji
1 1
A Ele‘(l = 7i) ]Z(Pji
1w
- At ’)’11/11-
Recall from equation (57) that
p=L (0+pQBy),

and observe that 1y;,£" = 1'. Therefore, nominal GDP is

~ 1
Y = Ktl"rdﬁl (0+BQ7C,By)

= itl/(ﬂ—f-ﬁﬂ{:dBk)

1 ,
=X;O+ﬁ€Bo-

Sector i’s value added share of GDP is then given by

:[ Vap ] _ ['Ydﬁl (0+B0QTuBr)
1+ B¢ B, 1+p0Be )

while sector i’s Domar weight, D;, is

D — P;Q; » P Qir — Zj Pjt Mt
b PyQi — Y. Pt Mjit Y; '
(1/Ap)y;
= ———— XS,
/Ay "
1
= 7Sii’/
Yi

where 7; is then sector i’s value added share in gross output. In vector form,

D = 'y;lS.
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We can express Domar Weights as

D = D° + D*
_ . L's L'BO, By
 1+BTUB. 1+BT By

Ciac; G )
- éa—ct +2 Y ﬁf‘ta—cf,
Yi 9zt Yy S zt

which gives us corollary 2 in this economy. In particular, observe that, in this case, St = S. Vt,

Tt ) ()=t
£t 1 + 18% ?t At At/

— ‘Bt/—t,

so that the first term in the expression for D} in corollary 2 collapses to

e dlog Cy

SC ,Bt —t ,
t’gtjrl dlog Zi;

while the last term vanishes by the transversality condition.

Proof. Domar weights are given by

_ L' (6 + B0, By)
1+‘B(:’Bk

_L'e LB, By

" 1+BTUBr 1+BTUB;

C = + while Y; is given by C; + X; = #; (14 BZ'Bk). Then

_Gioa
Yt azt
1
A¢ /act

L(1+BUBy) 0z

DC/

1 .
mﬂ’ L, by equation (64).
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In addition, using equations (64) and (65), we have that

x/ Z 5715

Yt T=t+1
_ 1 T—t /aﬁ
o 1 +,8ng Z 9 azt

T=t+1
r1gder Okr ki

- 1+5g/Bsz AT okii1 0z

t4+1
= 1 pgm, Y L L s o
= %Blﬁdmﬁ Yo BT+ aQ wgya)” D oL
+ BL'Bk T=t+1
= H;Oﬁﬂ’ﬁam [I—B(I—04+0a0 Layya)] lnoc
‘BB Q'L
14+ BU'By

O]

Because household welfare is now defined over time, Domar weights explicitly capture both
static and forward looking components. The static component, D¢, reflects intermediate input
linkages, £ = (I — (I — ;) ®’ )~!, summarized as the influence vector in Acemoglu et al. (2012),
and captures the effects of sectoral productivity shocks on current utility. The forward-looking
component, D¥, reflects investment flow linkages, (3’ L, and captures the effects of sectoral pro-
ductivity shocks on future utility. In addition, since V} = Y2, 7' L U (C;/ L), it also follows
that

dc
D= T—t7~T
SC;'B azt
dV

= SCaiZt/

as in proposition 1 and equation (43) with L; = 1.

3 Dynamic Aggregate Effects of Sectoral Productivity Disturbances

3.1 Real GDP Growth

The growth rate of aggregate real GDP is

Ayy = Alog (Cvt + )?t> — ZS#APRQ, (76)
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where p! is the (log) deflator corresponding to nominal value added in sector i, where

p =7 U= (I—7y)®)p
=7, L7"p.

Figure 2: Model Implied Path of Ap} = ¥; SitAp}ft
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Consider first the term, Alog (@ + }?t) , where

- o1
Ct+Xt:Kt

(1+B¢'By)

so that
AlOg <ét + }?t) = —AIOgAt = —A/\t,

where

I
At =log Ay = —logCi = — ) 6;cy = —0'cy. (77)
i=1

Next, we turn our attention to the term, S;;. Nominal value added shares in GDP are

[vaL' (6 + PO, By)] i

Sit: 1+ﬁg/Bk

(78)

Finally, sectoral gross output price changes follow Ap; = Alogu; + 1AlogC; so that, from the
policy functions (62) and (63),

Apr = —LAz; — LagyiAki + 160" Acy
= (16’ —I) LAz + (16’ — I) LagysAk:.
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Therefore, (log) changes in sectoral value added prices are given by
Apl =47 L7 (10 — 1) LAz + 4, L7 (16 — I) LagyAk:. (79)

Putting together equations (77), (78), and (79), we obtain an expression for real GDP growth

in terms of the state variables, k;, and z}/,

Ayt = BIEAZt + B'Ead'ydAkt

0 + ‘Bﬂg B /L —
— ( 1 d€/k>k ’Yd’Yd 1£ 1 (16, — I) £“d')’dAkt/

which simplifies to

Ay; = 0 LAz + B’Ead'ydAkt

(6+B0L.BY) .,
R T (16" — I) LAz

0+ BO,; By)
— ( 1 —fﬁ g/dBkk) (19/ — I) L',txd'ydAkt,

or, finally,

(0+pOLB) L L (0+ PO By L
1+B7 By ! 1+B7 By
= D'Az; + D'ayAk;. (80)

YaqAk;

Ayt =

3.2 The Dynamics of Real GDP Growth and Hulten’s Theorem

More generally, we can summarize the evolution of real GDP growth as,

Ayt = D'Az; + D yyu Ak, (81a)
Akt+1 = ng/EAZt + (I - gd + é’dﬂ’ﬁ'ydad) Akt, (81b)

where

p_ L£'(6+BOL,By)
1+ BT By

We recover in these equations corollary 17,

aAyf _ D/.

BAzf (82)

7 Alternatively, observe that dAy; /9AzY = S.
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Gabaix (2011), for example, approximates real GDP growth as an application of Hulten’s
theorem in every period, so just the first term in equation (81a), Ay; = D'Az;.

Beyond the contemporaneous aggregate effects of sectoral disturbances, equations (81a) and
(81b) describe the entire stochastic path of real GDP growth.

Observe also that, from equations (81a) and (81b),

Ay _
oAk,

D'vysa5 = Say. (83)

In other words, beyond Hulten’s insight regarding the aggregate implications of changes in
sectoral productivity, Domar weights, adjusted by sectoral value added shares in gross output
and sectoral capital shares, D;;a; for sector i, also capture the aggregate contemporaneous effects
of exogenous changes in the existing capital stock, e.g., an extreme weather event that damages
or destroys structures.

More generally, we can characterize the dynamics of real GDP growth at date ¢ in terms of
the history of past sectoral TFP growth only,

= h
Ay =D'Azi+ ) D'yang (I — Qg+ CaQ¥ Lyang)” TV LAZy 1. (84)
=0

4 Unanticipated Sectoral TFP Shocks and GDP Growth

Equation (84) implies that the effects of sectoral productivity shocks at t on GDP growth at

horizons t +h,h = 0,1, ... are given by the following impulse response functions,

ONYin _ { D, ifh=0 )

Az D'y TN 0L, ifh>0]

where J = (I — {; + {4 Ly,a,). These impulse response functions then determine the forecast

errors in real GDP growth associated with unanticipated sectoral productivity shocks, Az; = €,

where €; is iid. ~ N(0,Z¢), given by Ay, — Et—1(Aypin|Dzip = €i) = aaAAygh €ir.

We can use equation (85) to develop analytical intuition for the responses in GDP growth
following sectoral productivity shocks. In particular, we focus on responses up to 2 years after
the occurence of a shock in some sector, i, dAy;;,/9Azy, h =0,1,2, where

aAyt i ‘
aAZl’t - [D]Z
IAYt+1 .
aAZZ't - [D 'Ydo‘dgdﬂ E]l
A
aaAyZZ = [D'yaea (I — §a + aQY Lyana) s L];.
1
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Given a shock to productivity growth in any sector, i, at date ¢, the response of GDP growth at
date t + 1 is a weighted sum of all Domar weights, D, irrespective of the sector in which the
shock takes place. Therefore, whereas dAy;/dAz;; = D;, in the following period,

dAyf+1 _ N D Qlﬁ 86
Ta — L Grw) i (9L, (86)
it _ N—— _
production attributes .} tive size dynamic
of d(;\évcrtlggrseam of dg’g\é{lgﬁgeam network effects
where
I-(1=7)¢pn —1=71)p2n ... —(1—=on)Pn
~1
L=(I-(I-y)®) = —(1=72)¢12 —(1=72)¢n2
ee — (1 — 'YN)(PIN 1-— (1 — ')’N)(PNN

Recall also that Dj7; is sector j* value added share in GDP, §;, (or alternatively its relative size in
the economy).

Figure 3: Capital and Intermediate Input Flows, () and ®

Sector 1
Sector 1 Sector 1
Sector 3
Sector 2 Sector 2 Sector 3 Sector 2 Sector 3
(a) Sector-Specific (b) Dense Production (c) Star Supplier
Inputs Networks Networks

4.1 Special Cases

To gain intuition, this section illustrates how the aggregate effects of sectoral shocks in the periods
following the shock by way of special cases that cover extreme production networks. Given static
production linkages in intermediate inputs, ®, and dynamic production linkages in investment,
(), it is sufficient to consider only 3 sectors. To help with transparency, we set a; = a, 7; = 7,
(i = (Vi. Recall that in each sector, the Domar weight scales that sector’s value added share in
GDP by its ratio of gross output to value added, D; = (1/;)S;. Then, under these assumptions,
YiDi=1/7)5iSi=1/7.

1. Sector-specific inputs:
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Figure 3a, illustrates the case where every sector produces its own inputs, both in terms
of materials and investment goods. When inputs are sector-specific in both production
networks, we have ® = Q = I. Then, 640, L = a{I so that

CAVES
aAth g Z D

2. Dense supplier networks:

Figure 3b illustrates the case where every sector is equally important as an input supplier
to every other sector, both in materials and investment. Then we have that [®];; = [(];; =
1/3Vi,j, and,

al .. 0A o
[vaealaQY L] = ?C Vi,j and BAy;j = ?C 2 C Vz
! j

Therefore, in an economy with completely dense production networks, the aggregate im-
plications of sectoral shocks are similar to one in which sectors’ operations are entirely

independent of each other.

3. Symmetric key supplier networks:

At the opposite extreme of an economy where every sector is equally important to all
other sectors, is an economy where a single sector is the key supplier of inputs to all other
sectors, sometimes referred to as a star network. In particular, in this example, we assume

that sector 1 is the sole supplier of both intermediate inputs and investment so that

1 11
®=0=10 0 0
0 00O
In this case,
al 0 0
Yauals YL = [aZ 0 0],
al 0 0

so that

aAyH_l _ %@ Zf l = ]_,
Iz 0 ifi=23

In summary;, in all of these cases, no matter what the distribution of Domar weights is, and
thus the distribution of current responses in aggregate GDP growth to sectoral shocks, the
response of GDP growth in the following period is identical across sectors.

4. Asymmetric key supplier networks:
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Figure 4: Asymmetric Key Supplier Networks

Sector 1 Sector 1

Sector 2 Sector 3 Mor 3

(a) Capital Input Flows, Q) (b) Intermediate Input Flows, ®

In this scenario, sector 1 is a key supplier of investment, not unlike the construction sector
in practice, producing all capital goods for sector 3 and itself. Sector 2 is a key supplier of
intermediate inputs, not unlike the Wholesale & Retail Trade in U.S. production, providing
all intermediate inputs for sector 3 and itself. Finally, Sector 3 plays the role of a ‘stand-in’
for all other sectors, produces no inputs, and is responsible for all final demand in the
economy. To further simplify the environment, we consider the limit case where § — 1 and
gi — 1Vi.

These production networks imply sectoral input shares summarized by,

1 01 1 00
Q=01 0] and ®=|0 1 1
0 00 000

Solving for the Domar weights:

p_ L6407 By)
1+BLB, '

where
By = [I—B(I—Qq+v0al' Q)] vamal'0

Under the maintained production network assumptions,

1
Y (1’ 0
E — O 127 0 12
0 - 1
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while
1
/ S = =
I-B(I-Cs+vmal'QCy)] =] 0 £ 0 and ya0.L'0 =
0 0 1
so that
062
)
all—
By = 1707
ny
Then, we have that
D = D° + D*

) BL' O, By
 1+BTB,  1+BT B

Observe that 1+ B{’By = 1 and, since 6 = (00 1)/,
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In addition,
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Distribution of Responses in GDP Growth to Sectoral Shocks:

It follows that

9A
aAZi:D/
=D+ D"
= (0 000 1) 4 (o 0 )

:((x 1;7 1—(x>.
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Figure 5: Asymmetric Key Supplier Impulse Responses

Sector 1 Sector 2 Sector 3
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Notes: Each subplot tracks the impulse response of aggregate GDP growth to a unit innovation in the TFP growth of
each sector in the asymmetric key supplier network where « =y =1/2,  — 1 and { — 1. Sector 1 plays the role of
a key supplier of investment goods, Sector 2 the role of a key supplier of intermediate inputs, and sector 3 the role of

a downstream user that produces all final consumption. Compare with ??.

Furthermore,

aAyH—l Y I a(l—7)

while

dA
azzz = D'ygog (I — g+ Lo Loygeg) T4 L

Consider the case & = ¢ = 1/2, which turns out to be close to the empirical mean input
shares for U.S. production at « = 0.43 and o = 0.54 across sectors. Then the impulse
responses of real GDP growth to unit shocks in sectoral productivity growth are given by

Figure 5. Moreover,

0AY;1/0Azr
oAy /ohz (1 172 0),
0AYt12/0Az;
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