Bond Price Premiums

Alexander L. Wolman

his article provides a detailed introduction to consumption-based bond

pricing theory, a special case of the consumption-based asset

pricing theory associated with Robert Lucas (1978). To help make
the theory more accessible to novices, we organize the article around the two
famous interest rate decompositions associated with Irving Fisher. These com-
plementary decompositions relate real or nominal long-term interest rates to
expected future short-term interest rates (the expectations theory of the term
structure), and relate short- or long-term nominal interest rates to the ex ante
real interest rate and the expected inflation rate (the Fisher equation). Accord-
ing to consumption-based theory, the Fisherian relationships hold exactly only
under certain restrictive conditions. We show what those conditions are, and
we show that generalizations of the Fisherian relationships hold quite broadly
in the consumption-based model.

The pure Fisherian relationships are shown to hold only as special cases of
the relationship between individual preferences, future economic activity, and
the returns on assets. Notable sufficient conditions for the pure expectations
hypothesis are that households be neutral to risk and the price level behave like
arandom walk; the pure Fisher equation requires only risk neutrality.' In turn,
long-term nominal bond prices may lie above or below the values dictated by
the pure expectations hypothesis and the pure Fisher relationship—forward
premiums and inflation-risk premiums may be positive or negative.

Interpreting bond prices of various maturities is an important challenge
for the Federal Reserve. Nominal bond prices contain information about the
public’s expectations of inflation and of future short-term rates. And they
contain information about the levels of short-term and long-term real interest
rates. All these variables can be valuable signals to the Federal Reserve of the

. or helpful comments, we would like to thank Kartik Athreya, Brian Minton, Ned Prescott,
and Roy Webb. This article does not necessarily represent the views of the Federal Reserve
Bank of Richmond or the Federal Reserve System.

I Risk aversion lies at the heart of much of asset pricing theory. For example, it is what
leads us to assume that riskier assets will have a higher average return than safer assets.
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appropriateness of its policy.> However, extracting these signals requires an
understanding of the potential limitations of the pure expectations hypothesis
and the pure Fisher relationship.’

The article proceeds as follows. In Section 1 we provide a brief historical
overview of the two interest rate decompositions. Section 2 lays out amodeling
framework for thinking about bond price determination, and derives the basic
bond pricing equations from which all else will follow. Section 3 derives the
generalized expectations theory of the term structure and Section 4 derives the
generalized Fisher equation. Section 5 combines the results of the previous two
sections for a general discussion of the yield differential between short- and
long-term bonds. Sections 2—5 provide a textbook treatment of bond pricing
relationships.* Section 6 provides a selective review of applied research based
on bond pricing theory. Section 7 concludes the article.

Although the usual statements of the expectations hypothesis and the
Fisher equation are made in terms of interest rates, most of our derivations use
zero-coupon bond prices. This is for analytical simplicity; working with bond
prices is slightly easier, especially when the bonds are zero-coupon bonds.
And given an expression for the price of a bond, one can always work out the
corresponding interest rate.

1. BRIEF HISTORY OF INTEREST RATE DECOMPOSITIONS

The expectations hypothesis of the term structure and the Fisher equation both
made early appearances in Irving Fisher’s Appreciation and Interest (1896).
Chapter 2 of that work is devoted to a discussion of the equation, or “effect,”
that would later bear the author’s name. The Fisher equation is typically
thought of as relating “real” and “nominal” interest to the expected rate of
inflation, but Fisher’s analysis in Appreciation and Interest is more general. He
relates the interest rates between two standards (for example real vs. nominal,
or dollars vs. yen) to the relative rate of appreciation of the standards, as

I+j=0+a)1+1i), D

2 See Bernanke and Woodford (1997), however, on the risks involved in the Federal Reserve
basing its policy actions solely on such data.

The empirical limitations of the pure expectations hypothesis have been well documented,
for example, by Campbell and Shiller (1991). There has been less emphasis on violations of the
Fisher relationship. Sarte (1998) presents evidence that the violations are small using a standard
form of preferences. Kim and Wright’s (2005) results suggest larger violations, using a different
approach outlined in Section 6.

4 Textbook treatments are available, see for example, Sargent (1987) and Cochrane (2001).
However, they tend to provide fewer details, concentrating instead on the method by which one
can price any asset in the consumption-based framework.

5 See Humphrey (1983) for the intellectual history of the Fisher equation before Fisher.
Humphrey shows that the relationship was well understood before Fisher.



A. L. Wolman: Bond Prices 319

where i is the rate of interest in the appreciating standard, a is the rate of
appreciation, and j is the rate of interest in the depreciating standard. In
Fisher’s words,

The rate of interest in the (relatively) depreciating standard is equal to
the sum of three terms, viz., the rate of interest in the appreciating
standard, the rate of appreciation itself, and the product of these two
elements. (p. 9)

In our context, j is the nominal rate, i is the real rate, and a is the expected
inflation rate.

In Chapter 5 and to some extent in Chapters 3 and 4, one can find the
essence of the expectations hypothesis of the term structure. Most notably
perhaps, on pages 28 and 29, Fisher writes,

A government bond, for instance, is a promise to pay a specific series
of future sums, the price of the bond is the present value of this series
and the “interest realized by the investor” as computed by actuaries is
nothing more or less than the “average” rate of interest in the sense above
defined.

By “ ‘average’ rate of interest in the sense above defined,” Fisher means what
we now understand to be the expected future path of short-term rates.

John Hicks (1939) and F. A. Lutz (1940) elaborated on Fisher’s version of
the expectations hypothesis in the 1930s and 1940s. Their versions of these
interest rate decompositions continued to be based on reasoning regarding
how returns among different assets should be related. Later, the development
of consumption-based asset pricing theory (Lucas 1978) gave a formal foun-
dation to Fisher’s reasoning, while making clear that restrictive assumptions
were needed for the Fisherian relationships to hold exactly. The discipline
provided by consumption-based theory and the rise of rational expectations
and dynamic equilibrium modeling in macroeconomics also led economists
and finance theorists to de-emphasize certain elements of Fisher’s theories
regarding interest rates. For example, with respect to the expectations hypoth-
esis, early versions were “‘usually understood to imply .. . that interest rates on
long-term securities will move less, on the average, than rates on short-term
securities” (Wood 1964). It is now well understood that whether this will
be true depends on the behavior of monetary policy and on the real shocks
hitting the economy (Watson 1999). And with respect to the Fisher equation,
prior to the consumption-based theory, researchers often emphasized not just
the decomposition into real rates and expected inflation, but also the extent
to which the real rate was invariant to changes in expected inflation (Mundell
1963). Itis now understood that one cannot make general statements about this
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invariance, even though a version of the Fisher equation holds under general
conditions.

2. MODELING FRAMEWORK

We use the modern theory of consumption-based asset pricing, first developed
by Robert Lucas (1978), to study bond prices. For our purposes, the crucial
elements in this theory are as follows. There is a representative consumer who
has an infinite planning horizon, has a standard utility function (exhibiting risk
aversion) over consumption each period, and discounts the utility from future
consumption at a constant rate.® The consumer has a budget constraint which
states that the sum of income from sales of real and financial assets (including
income from maturing bonds), and income from other sources must not be
exceeded by the sum of spending on current consumption, on purchases of real
and financial assets, and on any other uses. With this framework, it is possible
to price any asset. To do this, we use conditions describing individuals’ optimal
behavior.

Preferences and Budget Constraint

The consumer’s preferences in period ¢ are given by

vi=E Y Blu(c;), )

j=0

where u (c,+ j) is a utility function that is increasing and strictly concave in
consumption (c), and the discount factor 8 € (0, 1). Before specifying the
budget constraint, it will be helpful to provide more detail about the set of
financial assets that play a role in our analysis. They are

1. n-period real discount bonds; if issued in period #, they pay off one unit
of consumption with certainty in period ¢ 4+ n. Their price in period ¢
in terms of goods is q,("), and the quantity that the consumer purchases
in period ¢ is b".

2. n-period nominal discount bonds; if issued in period ¢, they pay off
a dollar with certainty in period ¢ + n. Their dollar price in period
t is denoted Q,(”), and the quantity that the consumer purchases in
period ¢ is denoted Bl(”). Notice that if the dollar-denominated price of
consumption at date ¢ + n is very high, a nominal bond provides little

6 The representative consumer idea can be taken literally or can be viewed as a shortcut for
the assumption that whatever individual-level heterogeneity does exist has been insured away by
the existence of a complete set of Arrow-Debreu securities (state-contingent claims).
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consumption. Therefore, an asset that yields a dollar with certainty is
still a “risky” asset.

3. One-period nominal forward contracts, s periods ahead; these contracts
represent a commitment in period ¢ to purchase a one-period nomlnal
discount bond in period ¢ + s at the pre-specified dollar price Q 7.s- The
quantity that the consumer commits in period ¢ to purchase in period
t+sis B,f: 5

4. One-period real forward contracts, s periods ahead; these contracts rep-
resent a commitment in period ¢ to purchase a one-period real discount
bond in period ¢ + s at the pre-specified price in terms of goods q,f g
The quantlty that the consumer agrees in period ¢ to purchase in period
t+sis b, s

With this set of assets, the consumer’s flow budget constraint in period ¢
is
1 1
Zn 1 (nl )B(n)] +Z§ llBtfs ls+
)’l n t

Pon 19: )b()l+Pva 1blA1A+W[

3)
= Pic, + Zn 1 Q(H)B(n) +Z§‘ 1 Qt s.sBi- ss+
PIZOO (n)b(n)_{—PlZ; 19— ssbtfss—i_zl?

where P, is the price level—the dollar price of the consumption good, Z; is
purchases of other assets, and W, is labor income and income from all other
sources. The left-hand side of (3) represents income and the right-hand side
represents spending.

There are several things to note with regard to the budget constraint. First,
in period ¢, for any j > k > 0, a j-period bond issued in period (t — k) is
identical to a (j — k)-period bond issued in period ¢, because they have the
same maturity and the same payoff at maturity.” Thus, in the budget constraint
we include only the latter on the right-hand side. Second, a discount bond
that matures in period ¢ can be thought of as having a price of one dollar (for
a nominal bond) or one good (for a real bond) in period ¢. Thus, on the left-
hand side of the budget constraint we have imposed Ql(o) = q,(o) = 1. Third,
the prices of nominal bonds are written in terms of dollars and the prices of
real bonds are written in terms of goods; with the budget constraint written
in nominal terms, this means that prices of real bonds must be multiplied by
P,. Finally, it is important to be clear about the forward contracts that appear

in the budget constraint. On the left-hand side, the terms Y ;_, :7 and

t—s—1,s

7 For example, set j = 10, k = 3 and ¢ = 20. In period 20, a ten-period bond issued in
period 17 is identical to a seven-period bond issued in period 20.
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P, Z' ! blf s_1.s fepresent income from maturing one-period bonds that were
purchased under forward contracts entered into 1n periods earlier than t— 1.

On the right-hand side, the terms Y/ _, Q{_H L, yand Py gl 5. b o
represent purchases of one-period bonds under forward contracts entered into
in periods earlier than ¢. For example, in period ¢, the consumer purchases
a quantity B,f_ 2., of one-period bonds at price Q,f_m in accordance with a
forward contract entered into in period r —2. Similarly, the consumer purchases
a quantity Btf_ 3.3 of one-period bonds at a price Qtf_3’3 in accordance with a
forward contract entered into in period  — 3. Forward contracts entered into
in period ¢ do not appear in the period ¢ budget constraint because they do
not affect income or spending in period #; they do show up in future budget
constraints.

As mentioned earlier, by limiting our attention to zero-coupon bonds, it
is natural to focus on bond prices rather than interest rates. However, one
can easily recover interest rates from bond prices. Let Rt(") denote the gross
nominal yield on a bond that sells in period ¢ for price O ,(”) and pays one dollar
in period ¢ + n. On a standardized per-period basis, the yield satisfies

R(") (l/Q(")) , )

Rt(”) is the constant per-period interest rate that is implied by the price Q;").
Likewise, for an n-period real bond we have

r® = (1/ <n>> ’ (5)

and for one-period nominal and real forward contracts entered into in period
t — s for execution in period ¢, we have

R, =1/0],,. (6)
and
rt]:s,s = 1/‘1tjis,s' (7

Individual Optimality Conditions

The consumer chooses consumption and holdings of each asset to maximize
expected utility subject to the sequence of flow budget constraints. One way
to carry out this maximization is to form a Lagrangian from the utility function
and the sequence of budget constraints, and then use first-order conditions for
consumption and each asset. The Lagrangian is

= E, Zﬂ u(crj) ®)
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The first-order condltlon for consumption in period ¢ is
u' (¢;) = PA;. ©)

The multiplier A, is the marginal utility of nominal income.

Nominal and Real Bonds

The first-order conditions for n-period nominal bonds are

A, Q" = BE, [AMQ/’ ”], n=12,.. (10)

where we have used the fact that an n-period bond in period f becomes ann — 1
period bond in period ¢ 4 1. This expression implies that the price in period
t of an n-period discount bond is the ratio of the present value of expected
marginal utility in period ¢ + n to marginal utility in period ¢ :

" =B E [Avin/ N, n=1,2, ... (11)
To show this, first write (10) for period t 4 1 :
A1 O = BE i [A20" ] n=1.2,... (12)

and substitute the result into (10), dividing both sides by A, and using the law
of iterated expectations:

™ _ g2, [(AHZ/A )0 ”}, n=172, .. (13)

If n = 1 then we have (11), because Qt 4> = 1. If n > 1 then repeat the

process, substituting for A, Q, +2 usmg (10), etc. Intuitively, A, Qf") is the
utility cost of a bond in period ¢, and 8" E; [A,+,,] is the expected utility benefit
from the payoff at maturity, discounted back to the present. When the agent
has optimized over bond holdings these two values are identical.® Holding

8 The object on the right-hand side of (11) is referred to as the intertemporal marginal rate
of substitution.
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constant the current marginal utility of a dollar (A,), a higher bond price Q;")

will correspond to a higher payoff in utility terms, that is a higher u’ (¢;,) or
alower P;y,.

For n-period real bonds the derivations are analogous, though it will be
useful to define the marginal utility of consumption as A; = P;A,. The price
in period ¢ of an n-period real discount bond is the ratio of the present value
of expected marginal utility in period ¢ + n to marginal utility in period #:

g = B"E, [hgn/r], n=1,2, ... (14)

In contrast to the price of anominal bond, which depends on the joint properties
of the marginal utility of consumption (A; = u’ (¢;)) and the price level, the
price of a real bond depends only on the marginal utility of consumption.

Forward Contracts

As for forward contracts, the first-order condition for s-period-ahead one-
period nominal forward contracts, committed to in period ¢ is

EMisOfy = BEA s

However, because the forward price is known in period 7, we can bring the
price outside the expectation operator:

Ol \Ei Ay = BE Ay (15)
Likewise for real forward contracts, we have
‘Izjjs Eidivs = BEiAtysi1. (16)

From (11) and (15), the price of an n-period nominal bond is identical to
the product of the prices of a sequence of one-period forward contracts,

1
" =o0"0!,0/,---0f,_,. (17)

An n-period bond and a sequence of forward contracts can each be used to
provide a certain return n-periods ahead. To get a dollar in ¢ + n using the n-
period bond, one needs to spend Q;") today, whereas to get adollar in z+n using
the sequence of forward contracts, one needs to spend o QZ , QZ PR Q,Jj 1
today. This is easily illustrated in the two-period case: to get a dollar in ¢ + 2
using forward contracts, one needs to have Q't’f , in period ¢t 4 1— for this is
the forward price of a bond which will deliver a dollar in period ¢ + 2. In turn,
receiving Q‘I , in period ¢ + 1 means spending Q;”Qﬁ '1 in period ¢ on one-
period bonds—the price of a bond that delivers a dollar in ¢ + 1 is Q;l), and
one needs to purchase Q,’j , of these bonds. True arbitrage would be possible
if Qfl) Q,Jj , were not equal to Qt(z). The same reasoning holds for a long-term
real bond and a sequence of real forward contracts, so we have

n 1 ’
a" =g )ql],clqtf,Z e qt.}jnfl‘ (18)
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Note that from (17) or (18), the ratio in period ¢ of the price of an n-period
bond to the price of an n — 1 period bond is equal to the forward price of
one-period bond in period t +n — 1, as of period ¢.

The optimality conditions (11) — (16) and the relationships between prices
of long bonds and forward contracts (17) and (18) serve as the basis for the
generalized Fisher relationship and generalized expectations theory.

3. EXPECTATIONS THEORY OF THE TERM STRUCTURE

The standard version of the expectations theory of the term structure states that
long-term interest rates are equal to an average of expected future short-term
interest rates. We will derive a generalization of this theory, focusing on bond
prices instead of rates, and we will see that only under certain conditions does
the pure expectations theory hold. Our derivation exploits the fact that a long
bond is equivalent to a sequence of forward contracts.

From (17), the price of an n-period bond is the product of the prices
of n short-term forward contracts. Under the pure expectations hypothesis,
the price of an n-period bond is also equal to the product of the expected
prices of future short-term bonds, which we will denote by P EH ™, for pure
expectations hypothesis:

PEH" = 0"E (o) E () -+ E(e,nr). (9
In a way that we will make more precise shortly, the pure expectations
hypothesis holds if covariances involving future bond prices and future marginal
utility are zero. It follows from the previous equation and (17) that the devia-

tion of the price of an n-period nominal bond from P E H™ is the product of
ratios of forward prices to expected future spot prices:

f f f
" Qi1 Qi» Qini

m = (M oY) DEDY 20)
PEH, E, (Qt—H) E, (Qt+2> E, <Qt+n—l)
or, in shorthand,
t(n) (¢)) (O]
—L _=FY...F) |, (21)
PEHt(n) 1,1 t,n—1
where we call Fl(,lj) the j-period-ahead forward premium,
f
Q
FY) = —”(‘]) : (22)
El <Qt+l)
In terms of marginal utilities, using (11) and (15), the forward premium is
EiAiyj+1
F = — (23)

Arpjrr )’
Et( Ay
1+j
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and it is straightforward to show that the forward premium is pinned down by
the autocovariance properties of marginal utility, or equivalently by the co-
variance between the future short-term bond price and future marginal utility:

Aty jt1
t Artj t+j

Et (Ar+j+l) E[At+j

Aryj

ANepici /Ay Ay
_ 1+COVt ( t+j+]/ t+j) ’ t+j
E  (Arrjrr/Dij) Eiliy;

00 AL
= 1+ cov, ( HH) ,— ) (25)
E

tQt+j

F) (24)

with the last equality following from the law of iterated expectations.’

The deviation of the long bond price from the pure expectations hypothesis

is thus accounted for by the product of the individual forward premiums (F tflj.)),

1 1
"= PpEH™ x (F} b an)_l). (26)

If each of the individual covariances that determine the forward premiums are
zero, then the pure expectations hypothesis holds. In turn, forward premiums
will be zero if the level of future nominal marginal utility is uncorrelated with
its subsequent growth rate. This will be the case, for example, if nominal
marginal utility is constant, or if it follows a random walk. Note that for
nominal bonds, risk neutrality is insufficient to drive all forward premiums
to zero; if the future price level is correlated with its subsequent growth rate,
there will be a forward premium, even if investors are risk-neutral.!” For
the case of risk aversion, the behavior of the marginal utility of consumption
is crucial for determining the forward premium as well as the inflation-risk
premium derived below. In standard models along the lines of Lucas (1978),
the marginal utility of consumption is a simple function of consumption itself.
Alternatively, one can consider more complicated specifications of u (¢) , or be
entirely agnostic on the specification of u (c) . These approaches are discussed
in Section 6.

Why do the conditional covariances between future marginal utility and
the subsequent growth rate of marginal utility affect the price of a long-term
bond relative to the product of expected future short-term bond prices? Focus
on one term (Fl(,lj)), which is the price premium for a j-period-ahead forward

9 From the law of iterated expectations we know, for example, that E;(A;4j+1) =

Er(AryjEryj (Brsjet /D) = Er(Aig 0.

Under risk-neutrality, expected real returns are equated across assets (forward and spot,
for example). Because the real return is the nominal return divided by the gross inflation rate,
expected nominal returns are not necessarily equated.
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contract relative to the expected j-period-ahead spot price of a one-period
bond. If the growth rate of the marginal utility of a dollar (price of a one-
period bond) is expected to covary positively with the level of the marginal
utility of a dollar in ¢ + j, then you pay a premium at r 4+ j to lock in at ¢
the contract that gives you a dollar at 4+ j + 1. In this situation, you tend to
value a dollar highly for consumption in ¢ + j precisely when buying a bond
requires you to forego a lot of consumption. Thus, the expected spot market
looks expensive, which means that the forward price must be high as well.

Note that the j-period-ahead forward premium can be positive or negative,
and thus the overall term premium can be positive or negative. It is common
to think of long rates as incorporating a positive term premium (meaning that
I1 th ; < 0), but if future marginal utility of a dollar is positively correlated
with the expected growth rate of marginal utility, then forward premiums and
the term premium in rates will be negative.

Of course, we can also think about the forward-spot relationship from a
no-arbitrage perspective: agents must be indifferent between committing to
buy a one-period bond in period ¢ + j (the forward contract) and expecting to
buy a one-period bond in the spot market at ¢t + j:

Q] EiAiyj = EiAi ;0.
Expanding the right-hand side,

O/ Eitisy = Eihiss B Q) +covi (A 01)) . @)

Dividing both sidesby E; A, ; E; in: ; replicates the expression for th ; above.

4. FISHER RELATIONSHIP

The pure Fisher relationship states that nominal interest rates are equal to real
rates plus expected inflation. We will derive a generalization of this expression,
focusing again on bond prices instead of interest rates. The derivation follows
directly from manipulating the pricing equation for a nominal bond.

From the fact that the real and nominal multipliers are related by % = A,

we can use (11) to write the price of a nominal bond (8" E; [ As4+n/A]) as

Aian P,
" =5"Ef[ ot ] (28)
)"t Pt+n

A P, A P,
gn) — ,Bn {Et |: t+n] Et |: t ] + cov, |: t+n ’ t :|} ) (29)
At Py, At Py

This last expression can be used to decompose the price of a long-term nominal
bond into the price of a long-term real bond (q,(") from [14]), the expectation
of the inverse of inflation (E; (P,/P,1,)), and a term we will call @,("), which

or
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can be thought of as the inflation-risk premium:

t(n) = {%(n)Et (Pt/Pt-‘rn)} <1 + ®z(n)) (30)

Mign /M Pi/Piyn ]
E; (hin/2)” Ec (Pi/Prin) |

Alternatively, converting to interest rates instead of bond prices, we have

e = ﬂ”cov,|:

1/n
1

Rl(n) = rl(") =
E, (P,/Piy) (1+6(")

(31

If there is zero conditional covariance between the normalized growth rate
of marginal utility and the normalized inverse of inflation, then the inflation-
risk premium is zero, and we recover the pure Fisher equation. In general,
though, the price of a long-term nominal bond exceeds the “Fisher price” when
the covariance between the growth of real marginal utility and the inverse of
inflation is positive. What is the intuition behind this covariance effect? The
bond pays off one dollar. If the covariance is positive, then the consumption
value of a dollar is high (low) in those states where the marginal utility of
consumption is high (low). In other words, the bond pays off well in terms
of consumption when you value consumption highly, so it is worth more than
the Fisher price.

Note that like the forward premium, the inflation-risk premium can be
positive or negative. We usually think of the inflation-risk premium in rates as
being positive, which would correspond to the price premium ©, being nega-
tive. However, this depends entirely on whether the inverse of the future price
level is negatively correlated with the future marginal utility of consumption,
conditional on time-¢ information.

5. YIELD DIFFERENTIAL AND HOLDING-PERIOD PREMIUM

Above we provided two decompositions of the price of an n-period nominal
bond. The first expressed the bond price in terms of the price of a real bond, the
expected inverse of the change in the price level, and an inflation-risk premium.
The second decomposition expressed the bond price in terms of the expected
product of the prices of future short-term bonds and the product of individual
forward premiums at each maturity. We now use these decompositions to study
the yield differential between bonds of any two maturities. In addition, in this
section we provide an intuitive explanation of the holding-period premium,
the expected differential between the return on a long-term bond sold before
it matures and the return on a shorter-term bond sold at maturity.
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Yield Differential

Recall that the yield is the inverse of the price, and that we standardize yields
so that they are reported on a gross per-period basis:

R = (0", (32)
We then can express the bond yield using the two decompositions as
R = [la e pypan) (11 0)] (33)
or
R™ = [PEH," x (F[}l) - F,f}}_l)}_l/n . (34)

Since these expressions hold for any #n, the ratio of the yield on an n-
period bond to the yield on a one-period bond can be written using the Fisher
decomposition as

R {aE psPin) (1+01)
P (35)
RO~ . m\ 1"
C [ E errao) (14 67)]
™ E,(P/P 140"
_ vy t( t/ l+1) + t (36)

rV (E; (Pi/ Pryn))" (1+ ®§n>)”"'

The nominal yield curve slopes upward if some combination of the following
is true: (i) long-term real rates exceed short-term real rates, (ii) the value of
a dollar is expected to increase at a higher rate in the short term than over
the long term, and (iii) the short-term inflation-risk premium in bond prices
exceeds the long-term inflation-risk premium in bond prices.

Alternatively, we can use the perspective of the expectations hypothesis
to write the yield differential as

) 0
Rl‘ t

o = n®
R [pEm™ < (FY - 5L

(37)

Forn =1, note that PEH = Qt(]), and, by convention, Ft(’})) = 1. Long-term
rates exceed short-term rates if short-term bond prices are expected to fall or
if forward-price premiums are negative.

Holding-Period Premium

There are many ways that one can transport money or goods from period ¢ to
period ¢ + j. Until now, we have emphasized the comparison between buying
a j-period bond and buying a sequence of one-period bonds. Another option,
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however, is to purchase an i-period bond, where i > j, and sell the bond
in period t + j for the price Qf:jj ), which is uncertain as of period ¢. Of
course, the bond pricing relationships derived previously must imply that the
consumer is indifferent between these two strategies. That is,
) .
t 1—
E, [At+j] = EE; I:Al+le+jj :| . (38)

The left-hand side is the expected payoffin period 7+ j in utility terms to buying
one j-period bond in period ¢ for price ij : note that the only uncertainty
with respect to this strategy involves the marginal utility of a dollar in period
t + j. The right-hand side is the expected return in period 7 + j in utility terms
to spending the same amount, Q;j ) onani -period bond in period ¢ and selling
the bond in period ¢ 4 j. With this strategy, there is uncertainty both about the
marginal utility of a dollar in period ¢ 4 j and about the price at which once
can sell the bond in period ¢ + ;.

An intuitively appealing property similar to the pure expectations hypoth-
esis is that the expected dollar return to these two strategies should be the
same. By now, it is probably clear that while the expected utility return must
be the same (as reflected in [38]), the expected dollar return will generally be
different for the two strategies. The dollar return to buying the j-period bond
and holding it to maturity is certain and given by 1/ Qﬁj ). The expected dollar
return to buying the i-period bond and selling it in period ¢ + j is given by

k[0l

2 (39)

So the expected “premium” for holding an i-period bond for j periods is

o eVE[0f)]
H" = — (40)
t
From (38) we can write this premium as
(GaN)]
) Et [Al""l] E[ |:Qt+jj ]
H' = — 1)
E; [At+j QH./ ]
or
. 1
J ARk — (42)
1 ( 0./ Aryj )
+cove | —i=> .
d E,Q;H:/) EiAsyj
1
= (43)
Erpj(Agi/Digj)  Aryj >
I+ covi ( Er(At+i/At+j) T Eihitj )"
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The holding-period premium is driven by the same uncertainty as the forward
premium, except over a possibly longer horizon. If future marginal utility is
positively conditionally correlated with the future price of an (i — j)-period
bond, then the i-period bond will tend to generate capital gains when they are
highly valued, so individuals will not require a high expected return. That is,

the relative expected return Ht(i"/ ) will be low when cov; ( EA[’\” -, th/;)
1A+ E,QH_j
is positive.
Of course, we can also use our earlier derivations to express the holding-
period premium in ways related to the pure expectations hypothesis and the
Fisher equation. Using the definition of the pure expectations hypothesis, we

have from (26)

t+j
(1 () (0 () M\
E, (Q,+j) E, <Q1+j+1> - Ey <Qz+i—1) X <Ft,j U Ft,i—l)

Very loosely speaking, this expression relates the holding-period premium to
the conditional covariance between expected future short prices and expected
future forward premiums. Analogously, using the Fisher equation, we have
from (30)

()] (e9) )
HOD = B [PEH x (Ft+j.,1 o Ftﬂ-,i,j,l)]

E, (P P) (14 0) B {al” (PssP) | (14 01)]

HOD = ‘
0l 10l 1 al B (P P (1461

(45)
Again, loosely speaking, this expression relates the holding-period premium
to the conditional covariance between the future inflation-risk premium, and
the pure Fisher component of the future (i — j)-period bond price.

6. APPLICATIONS OF THE THEORY

The derivations above provide a textbook-like guide to bond price decom-
positions from the perspective of consumption-based asset pricing theory.
As we stated at the outset, these decompositions can be a useful input into
the formulation of monetary policy, contributing to an understanding of the
term structure of real and nominal interest rates and expected inflation.!! But
any contribution to our understanding of these variables requires taking the
theory to the data, and this, in turn, requires making some assumptions about

1 we emphasize the usefulness for monetary policy, but there are other applications of the
theory. Many areas of economics emphasize the behavior of real interest rates, and financial market
practitioners use the kind of theories outlined here to aid in the pricing of interest rate derivatives.
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the unobservable variables A or A, the marginal utility of nominal or real
consumption. According to the pure expectations hypothesis and the pure
Fisher equation, marginal utility is extraneous: armed with an estimate of
expected inflation, we can directly estimate the real rate from data on nominal
rates; likewise, armed with data on the term structure of nominal rates, we
can directly calculate the expected path of future short-term rates. Absent risk
neutrality, however, marginal utility takes center stage, for it is the covariance
of the marginal rate of substitution (marginal utility growth) with the evolution
of the price level that pins down the inflation-risk premium (see [30]); and it
is the autocovariance properties of marginal utility that determine the forward
premium (see [24]).

Researchers applying theory to data on bond prices have gone in two di-
rections concerning the degree of structure they impose on the marginal utility
of consumption. The “pure” consumption-based approach takes a stand on the
form of u (c¢) in (2) and uses data on consumption and inflation to estimate the
parameters of u (c) and the stochastic processes for consumption and inflation.
The combination of estimated preference parameters and stochastic processes
then comprise a model of bond prices; most importantly, the specification of
u (c) together with data on ¢ make marginal utility “observable.” Campbell
(1986) is a particularly accessible example of this strand of the literature, al-
beit an example that includes only real bonds; he uses a simple specification
of u (c¢) and the stochastic process for consumption and derives closed form
expressions for interest rates of all maturities. Campbell’s paper is primarily
pedagogical.'?

Two recent papers that use more complicated forms of preferences, in-
clude nominal bonds and make a serious attempt to match data are Wachter
(2006) and Piazzesi and Schneider (2006).'3> Wachter uses a habit-persistence
specification similar to the one Campbell and Cochrane (1999) apply to equity
pricing. She argues that the model “accounts for many features of the nomi-
nal term structure of interest rates.” Most importantly, from our perspective,
the model-based forward premiums that Wachter computes help to account for
the empirical disparity between long-term rates and the corresponding average
of expected future short-term rates—that is, the violation of the pure expec-
tations hypothesis. However, there is still a noticeable divergence between
the actual time series for short-term rates and the path implied by Wachter’s
model. Piazzesi and Schneider use the recursive utility preference specifica-
tion of Epstein and Zin (1989) and Weil (1989). They emphasize the inflation-
risk premium in long-term bonds that arises when inflation brings bad news

12.gee also Ireland (1996) and Sarte (1998).

13 Both Wachter (2006) and Piazzesi and Schneider (2006) use preference specifications that
are not encompassed by (2). However, for our purposes, we can view their approaches as involving
complicated specifications of u (c).
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about future consumption growth. Although their model is broadly consistent
with the behavior of the term structure, the short-term rates implied by their
model are substantially less volatile than the data. Regarding the approach
taken by Wachter (2006) and by Piazzesi and Schneider (2006), Campbell
(2006) writes, “The literature on consumption-based bond pricing is surpris-
ingly small, given the vast literature given to consumption-based models of
equity markets.” We can thus expect much more work of this sort in the
coming years.

Ravenna and Seppala (2006) is one recent example of studying the term
structure of interest rates in a consumption-based model that endogenizes
consumption—the papers mentioned in the previous two paragraphs treat con-
sumption (and inflation) as exogenous. Ravenna and Seppala embed the asset
pricing apparatus in a New Keynesian business cycle model. They argue that
their model accounts for the cyclical properties of interest rates and the rejec-
tions of the pure expectations hypothesis, but they do not provide time series
comparisons of data and model-generated interest rates. Given the high de-
gree of structure required, matching the data with this approach is a daunting
task.

The second major empirical application of bond pricing theory is known
as the “no-arbitrage” or “arbitrage-free” approach. With this approach, one
avoids making any parametric assumptions about the form of u# (c¢). What the
no-arbitrage approach does carry over from the theory laid out previously is
the idea that there exists a marginal rate of substitution that prices all bonds;
that is, (11) holds for some strictly positive random variable m, = A;/A;_1. A
good introduction to this approach is Backus, Foresi, and Telmer (1998), and
a recent example is Kim and Wright (2005). Those authors and many others
assume that the time-series behavior of the yield curve is driven by a small
number of latent factors. The arbitrage-free approach has the advantage of
being able to fit observed time series on bond prices quite well, thereby opening
the door to discussing relatively small changes in the term structure of real or
nominal rates. For example, Kim and Wright provide time series plots of the
forward rate along with the estimated expected short rate and the estimated
term premium. However, this approach has limitations from the perspective of
macroeconomics in that it does not provide a framework for studying the joint
determination of bond prices and macroeconomic outcomes. Indeed, Duffee
(2006) writes, “some readers . .. call this a nihilistic model of term premia.”
He views the approach in a positive light, though, as “an intermediate step in
the direction of a correctly specified economic model of premia, not an end in
itself.”
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7. CONCLUSION

Nominal and real interest rates are often viewed from the perspectives of
the intuitively appealing Fisher relationship and pure expectations hypothe-
sis. Modern asset pricing theory implies that those relationships should not
be expected to hold exactly if investors are risk-averse. We have used that
theory to describe how the deviations from the Fisher relationship and the pure
expectations hypothesis depend on particular covariances. In the process, we
have meant to provide an introduction to the consumption-based modeling of
bond prices. From the standpoint of macroeconomics and monetary policy,
the value of this approach is that it allows researchers to interpret the behavior
of the term structure of real and nominal bond prices in ways that relate to
macroeconomic activity and monetary policy.

REFERENCES

Backus, David, Silverio Foresi, and Christopher Telmer. 1998.
“Discrete-Time Models of Bond Pricing.” Available at:
http://pages.stern.nyu.edu/ dbackus/tuck.ps (accessed September 13,
2006).

Bernanke, Ben S., and Michael Woodford. 1997. “Inflation Forecasts and
Monetary Policy.” Journal of Money, Credit and Banking 29 (4-2):
653-84.

Campbell, John Y. 1986. “Bond and Stock Returns in a Simple Exchange
Model.” Quarterly Journal of Economics 101 (4): 785-804.

Campbell, John Y. 2006. Discussion of Monika Piazzesi and Martin
Schneider, “Equilibrium Yield Curves.” Available at:

www.nber.org/books/macro21/campbell7-24-06comment.pdf. (accessed
September 13, 2006).

Campbell, John Y., and John Cochrane. 1999. “By Force of Habit: A
Consumption-Based Explanation of Aggregate Stock Market Behavior.’
Journal of Political Economy 107 (2): 205-51.

Campbell, John Y., and Robert Shiller. 1991. “Yield Spreads and Interest
Rate Movements: A Bird’s Eye View.” Review of Economic Studies 58
(3): 495-514.

’

Cochrane, John. 2001. Asset Pricing. Princeton, NJ: Princeton University
Press.



A. L. Wolman: Bond Prices 335

Duffee, Gregory R. 2006. “Are Variations in Term Premia Related to the
Macroeconomy?” Available at:
http://faculty.haas.berkeley.edu/duffee/duffee_premia_macro.pdf
(accessed September 13, 2006).

Epstein, Larry G., and Stanley E. Zin. 1989. “Substitution, Risk Aversion,
and the Temporal Behavior of Consumption and Asset Returns: A
Theoretical Framework.” Econometrica 57 (4): 937-69.

Fisher, Irving. [1896] 1997. Appreciation and Interest. Reprinted in vol. 1 of
The Works of Irving Fisher, ed. William J. Barber. London: Pickering
and Chatto.

Hicks, John R. 1939. Value and Capital. Oxford, UK: Oxford University
Press.

Humphrey, Thomas M. 1983. “The Early History of the Real/Nominal
Interest Rate Relationship.” Federal Reserve Bank of Richmond
Economic Review 69 (3): 2—-10.

Ireland, Peter. 1996. “Long-Term Interest Rates and Inflation: A Fisherian
Approach.” Federal Reserve Bank of Richmond Economic Quarterly 82
(1): 21-35.

Kim, Don H., and Jonathan H. Wright. 2005. “An Arbitrage-Free
Three-Factor Term Structure Model and the Recent Behavior of
Long-Term Yields and Distant-Horizon Forward Rates.” Federal Reserve
Board Finance and Economics Discussion Series 2005-33 (August).

Lucas, Robert E., Jr. 1978. “Asset Prices in an Exchange Economy.”
Econometrica 46 (6): 1429-45.

Lutz, Friedrich A. 1940. “The Strucure of Interest Rates.” Quarterly Journal
of Economics 55 (1): 36-63.

Mundell, Robert. 1963. “Inflation and Real Interest.” Journal of Political
Economy 71 (3): 280-3.

Piazzesi, Monika, and Martin Schneider. 2006. “Equilibrium Yield Curves.”
NBER Macroeconomics Annual Vol. 21. Available at:
http://www.nber.org/books/macro21/piazzesi-schneider7-22-06.pdf.
(accessed September 13, 2006).

Ravenna, Federico, and Juha Seppala. “Policy and Rejections of the
Expectations Hypothesis.” Available at:
http://ic.ucsc.edu/%7Efravenna/home/mopoeh4.pdf (accessed
September 13, 2006).

Sargent, Thomas J. 1987. Dynamic Macroeconomic Theory. Cambridge,
MA: Harvard University Press.



336 Federal Reserve Bank of Richmond Economic Quarterly

Sarte, Pierre-Daniel G. 1998. “Fisher’s Equation and the Inflation Risk
Premium in a Simple Endowment Economy.” Federal Reserve Bank of
Richmond Economic Quarterly 84 (4): 53-72.

Wachter, Jessica A. 2006. “A Consumption-Based Model of the Term
Structure of Interest Rates.” Journal of Financial Economics 79 (2):
365-99.

Watson, Mark W. 1999. “Explaining the Increased Variability in Long-Term
Interest Rates.” Federal Reserve Bank of Richmond Economic Quarterly
85 (4): 71-96.

Weil, Philippe. 1990. “Nonexpected Utility in Macroeconomics.” Quarterly
Journal of Economics 105 (1): 29-42.

Wood, John H. 1964. “The Expectations Hypothesis, The Yield Curve and
Monetary Policy.” Quarterly Journal of Economics 78 (3): 457-70.



