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Ilup0Vshfl�f Ohduqlqj dqg wkh Lqyhvwphqw Ehkdylru
ri Odujh dqg Vpdoo Ilupv

Zhqol Ol dqg Mrkq D1 Zhlqehuj�

Ihghudo Uhvhuyh Edqn ri Ulfkprqg

Dsulo 5/ 4<<<

Devwudfw

Zh h{dplqh d prgho ri wkh vl}h glvwulexwlrq dqg jurzwk ri �upv zkhuhe| �upv

ohduq derxw lglrv|qfudwlf surgxfwlylw| sdudphwhuv1 Djjuhjdwh vkrfnv/ e| dgglqj qrlvh

wr ohduqlqj dw wkh �up ohyho/ fdq surgxfh gl�huhqwldwhg uhvsrqvh dfurvv �upv zlwk

wkhlu uhdfwlrqv ghshqglqj rq wkh srvlwlrq ri wkh �upv lq wkhlu lqglylgxdo olih f|foh1 Lq

sduwlfxodu/ |rxqj �upv/ zklfk duh vpdoohu rq dyhudjh wkdq roghu �upv/ fdq �ryhuuhdfw�

wr djjuhjdwh vkrfnv1 Vxfk gl�huhqfhv dfurvv �up vl}hv dqg djhv/ zklfk dulvh khuh lq d

prgho zlwk shuihfw �qdqfldo pdunhwv/ duh riwhq dwwulexwhg wr �qdqfldo iulfwlrqv wkdw

klw vpdoo dqg odujh �upv gl�huhqwo|1

�Fruuhvsrqghqfh= Uhvhdufk Ghsduwphqw/ Ihghudo Uhvhuyh Edqn ri Ulfkprqg/ :34 H1 E|ug Vwuhhw/ Ulfk0
prqg/ YD 565941 H0pdlo= zhqol1olCulfk1iue1ruj/ mrkq1zhlqehujCulfk1iue1ruj1 Zh zrxog olnh wr wkdqn vhpl0
qdu sduwlflsdqwv dw wkh Ihghudo Uhvhuyh Edqn ri Ulfkprqg/ wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ dqg
Lqgldqd Xqlyhuvlw|1 Wkh ylhzv h{suhvvhg duh wkh dxwkruv* dqg gr qrw qhfhvvdulo| uhsuhvhqw wkh ylhzv ri
wkh Ihghudo Uhvhuyh Edqn ri Ulfkprqg ru wkh Ihghudo Uhvhuyh V|vwhp1



41 Lqwurgxfwlrq

Lq uhfhqw |hduv/ pdfurhfrqrplvwv kdyh jlyhq frqvlghudeoh dwwhqwlrq wr wkh lpsolfdwlrqv ri

khwhurjhqhlw| dprqj �upv1 Wkh irfxv kdv ehhq rq gl�huhqfhv lq ehkdylru dfurvv wkh vl}h

glvwulexwlrq ri �upv1 Zkloh pdq| hpslulfdo vwxglhv kdyh hvwdeolvkhg qxphurxv gl�huhqfhv/ d

jurzlqj erg| ri wkhruhwlfdo zrun kdv h{dplqhg wkh htxloleulxp ehkdylru ri hfrqrplhv zlwk

khwhurjhqhrxv �upv/ wkh nh| irfxv ehlqj rq �up0ohyho lqyhvwphqw dqg jurzwk g|qdplfv1

Wkh wudglwlrqdo ylhz rq wklv vxemhfw zdv wkdw wkh jurzwk udwhv ri �upv iroorzhg Jleudw*v

Odz/ zklfk krogv wkh udwh ri jurzwk wr eh lqghshqghqw ri �up vl}h1 Wklv ylhz/ krzhyhu/ kdv

ehhq odujho| uhmhfwhg e| pruh uhfhqw hylghqfh vxjjhvwlqj d qhjdwlyh fruuhodwlrq ehwzhhq vl}h

dqg jurzwk +dowkrxjk wkh fruuhodwlrq h{lvwv pdlqo| lq vxesrsxodwlrqv ri vpdoohu �upv,14

Qrw rqo| glg wkh vwxglhv vkrz wkh fruuhodwlrq/ exw wkh| dovr whqghg wr �qg dq lqyhuvh

uhodwlrqvkls ehwzhhq vl}h dqg wkh yduldelolw| ri jurzwk udwhv1

Gl�huhqfhv ehwzhhq odujh dqg vpdoo �upv dsshdu wr eh uhodwhg wr gl�huhqfhv dprqj

�upv wkdw ydu| e| djh1 Iru h{dpsoh/ |rxqjhu �upv duh jhqhudoo| vpdoohu dqg kdyh idvwhu

dyhudjh jurzwk udwhv1 Wkh| dovr kdyh juhdwhu yduldqfh lq wkhlu jurzwk udwhv dqg idfh kljkhu

suredelolw| ri h{lwlqj +wkurxjk hlwkhu idloxuh ru dftxlvlwlrq,15

D qxpehu ri dxwkruv kdyh r�huhg htxloleulxp prghov wkdw fdswxuh vrph ru doo ri wkhvh

hpslulfdo idfwv1 Prvw ri wkh prghov ghulyh wkh vl}h glvwulexwlrq ri �upv iurp dq xqghuo|lqj

glvwulexwlrq ri �up0vshfl�f pdqdjhuldo delolwlhv +ru rwkhu vshfl�f idfwruv d�hfwlqj surgxf0

wlylw|,16 Wkh vwrfkdvwlf surfhvv jryhuqlqj wkh �up0vshfl�f surgxfwlylw| idfwru +ru �up*v

eholhiv derxw wkdw idfwru, gulyhv wkh �up0ohyho g|qdplfv1 Lq Mrydqrylf +4<;5,/ �upv* delo0

lwlhv duh �{hg/ dqg �upv ohduq derxw wkhlu delolwlhv wkurxjk wkhlu rzq +qrlv|, surgxfwlrq

h{shulhqfh1 Lq Krshqkd|q +4<<5,/ �upv* delolwlhv fkdqjh ryhu wlph/ fdxvlqj �upv wr jurz

ru ghfolqh lq vl}h1

Prvw uhfhqwo|/ pdfurhfrqrplvwv kdyh irfxvhg rq vshfl�f dvshfwv ru lpsolfdwlrqv ri �up0

ohyho khwhurjhqhlw|1 Gdylv/ Kdowlzdqjhu/ dqg Vfkxk +4<<9,/ iru lqvwdqfh/ kdyh vwxglhg hp0

sor|phqw g|qdplfv ri pdqxidfwxulqj �upv1 D qxpehu ri rwkhu dxwkruv kdyh irfxvhg rq

wkh lqyhvwphqw ehkdylru ri khwhurjhqhrxv �upv1 Xvlqj d jhqhudo htxloleulxp prgho ri hp0

sor|phqw g|qdplfv wkdw lv frqvlvwhqw zlwk wkh �qglqjv ri wkh odwwhu irfxv/ Krshqkd|q dqg

Urjhuvrq +4<<6, vwxg| wkh zhoiduh lpsolfdwlrqv ri ydulrxv hpsor|phqw dqg xqhpsor|phqw

srolflhv1 Shukdsv wkh prvw zlgho| qrwhg vwudqg ri olwhudwxuh rq gl�huhqfhv ehwzhhq odujh

4Lpsruwdqw frqwulexwlrqv rq wklv vxemhfw lqfoxgh Hydqv +4<;:d dqg e,/ dqg Kdoo +4<;:,1
5H{lw udwhv dfurvv wkh vl}h dqg djh glvwulexwlrq duh vwxglhg e| Gxqqh/ Urehuwv dqg Vdpxhovrq +4<;;,1
6Prvw vxfk prghov duh g|qdplf yhuvlrqv ri Oxfdv +4<:;,1
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dqg vpdoo �upv/ krzhyhu/ ghdov zlwk lqyhvwphqw ehkdylru1 Id}}dul/ Kxeedug/ dqg Shwhuvhq

+4<;;, qrwhg wkdw wkh lqyhvwphqw ri vpdoo/ idvw jurzlqj �upv grhv qrw �w wudglwlrqdo prg0

hov ri lqyhvwphqw ehkdylru1 Lq sduwlfxodu/ lqyhvwphqw e| wkhvh �upv lv vhqvlwlyh wr fxuuhqw

shulrg fdvk  rz1 Wklv �qglqj/ zklfk kdv jlyhq ulvh wr d qxpehu ri vlplodu dqg uhodwhg

uhvxowv lq wkh olwhudwxuh/ kdv ehhq lqwhusuhwhg dv hylghqfh ri �qdqfldo frqvwudlqwv idflqj

vrph �upv1 Vlqfh dffhvv wr h{whuqdo ixqglqj lv pruh frvwo| ru gl!fxow iru vpdoohu �upv

wr rewdlq/ wkhvh �upv* lqyhvwphqw pxvw eh pruh forvho| wlhg wr wkh dydlodelolw| ri lqwhuqdo

ixqgv1 D uhodwhg �qglqj/ suhvhqwhg e| Jhuwohu dqg Jlofkulvw +4<<7,/ lv wkh juhdwhu yrodwlolw|

ri vpdoo �up vdohv lq uhvsrqvh wr vrph djjuhjdwh vkrfnv/ lqfoxglqj prqhwdu| vkrfnv1 Vxfk

�qglqjv irup wkh edvlv iru wkh ylhz wkdw prqhwdu| srolf| lq xhqfhv wkh hfrqrp| wkurxjk

d fuhglw fkdqqho wkdw pdlqo| d�hfwv wkh lqyhvwphqw ehkdylru ri vpdoo �upv1

Pdq| dxwkruv kdyh h{dplqhg prghov zlwk khwhurjhqhrxv �upv dqg �qdqfldo iulfwlrqv

wkdw duh eurdgo| frqvlvwhqw zlwk wkh hpslulfdo �qglqjv rq wkh lqyhvwphqw ehkdylru ri odujh

dqg vpdoo �upv17 Wkhvh prghov gl�hu iurp wkh vwdqgdug jurzwk prgho lq wzr zd|v= wkh|

ghdo zlwk khwhurjhqhrxv �upv dqg wkhuh h{lvwv �qdqfldo iulfwlrqv1 Zkdw lv wkh uhodwlyh

lpsruwdqfh ri wkh iulfwlrqv frpsduhg zlwk wkh ixqgdphqwdo irufhv gulylqj wkh jurzwk ri

�upv ri ydu|lqj vl}hvB Iru rqh wklqj/ lw lv zhoo nqrzq wkdw dw ohdvw vrph ri wkh vhqvlwlylw| ri

�up0ohyho lqyhvwphqw wr fdvk  rz lv frqvlvwhqw zlwk d prgho lq zklfk fdvk  rz lv lqirupdwlyh

derxw lqyhvwphqw rssruwxqlwlhv1 Wkh Mrydqrylf +4<;5, ohduqlqj prgho lv mxvw vxfk d prgho1

Lq wklv sdshu/ zh r�hu d ehqfkpdun djdlqvw zklfk wr phdvxuh prghov ri �qdqfldo iulf0

wlrqv1 Rxu prgho orrnv dw khwhurjhqhrxv �upv wkdw ohduq derxw wkhlu rzq dwwulexwhv dqg

pdnh hqwu|/ h{lw/ dqg lqyhvwphqw ghflvlrqv lq dq hqylurqphqw zlwk djjuhjdwh xqfhuwdlqw|

dqg shuihfw fdslwdo pdunhwv1 Zh fdoleudwh d vwhdg|0vwdwh/ jhqhudo htxloleulxp yhuvlrq ri

wkh prgho wr fhuwdlq fkdudfwhulvwlfv ri wkh vl}h glvwulexwlrq ri X1V1 pdqxidfwxulqj �upv1

Zh wkhq h{dplqh wkh g|qdplf ehkdylru ri d sduwldo htxloleulxp yhuvlrq ri wkh prgho zlwk

djjuhjdwh vkrfnv1 Lq sduwlfxodu/ zh frqvlghu wkh dyhudjh uhvsrqvhv wr djjuhjdwh vkrfnv ri

eurdgo| gh�qhg fodvvhv ri odujh dqg vpdoo �upv dqg �qg wkdw vpdoo0�up ehkdylru lv pruh

uhvsrqvlyh wkdq wkdw ri odujh �upv1

D nh| wr wkh h�hfwv ri djjuhjdwh vkrfnv lq wkh prgho lv dq dvvxphg lqdelolw| wr ixoo| dqg

lpphgldwho| glvwlqjxlvk djjuhjdwh vkrfnv iurp �up0vshfl�f idfwruv1 Ilupv vhhnlqj wr ohduq

derxw wkhlu rzq delolwlhv pxvw �owhu rxw wkh h�hfwv wkdw fkdqjhv lq djjuhjdwh frqglwlrqv

kdyh rq wkhlu surgxfwlrq h{shulhqfh1 Zh dvvxph wkdw �upv nqrz wkhlu rzq fxuuhqw shulrg

rxwsxw zkhq wkh| pdnh wkhlu lqyhvwphqw ghflvlrqv/ exw wkdw wkh| gr qrw revhuyh fxuuhqw

7Ilvkhu +4<<9,/ Jrphv +4<<:,/ Frroh| dqg Txdgulql +4<<;,/ dqg Ol +4<<;,1
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djjuhjdwh uhvxowv xqwlo wkh| kdyh frpplwwhg wr dq lqyhvwphqw ohyho iru wkh qh{w shulrg*v

surgxfwlrq1 Ilupv* delolw| wr �owhu rxw djjuhjdwh idfwruv gl�huv dffruglqj wr �up djh/ vlqfh

eholhiv derxw delolw| ehfrph lqfuhdvlqjo| suhflvh zlwk djh1 Khqfh/ |rxqjhu �upv duh pruh

olnho| wr ryhuuhdfw wr dq djjuhjdwh vkrfn wkdq duh roghu �upv1 Wklv gl�huhqfh/ wrjhwkhu zlwk

wkh htxloleulxp uhodwlrqvkls ehwzhhq �up vl}h dqg djh/ gulyhv wkh gl�huhqfhv lq ehkdylru

ehwzhhq gl�huhqw fodvvhv ri vl}h1

51 Ilup Ehkdylru dqg Ohduqlqj

Zh h{dplqh dq hqylurqphqw lq zklfk wkh surgxfwlrq ehkdylru ri �upv lv gulyhq erwk

e| �up0vshfl�f surgxfwlyh fdsdelolwlhv dqg e| vshfl�f dv zhoo dv djjuhjdwh vkrfnv1 Ilup0

vshfl�f surgxfwlylw| lv d shupdqhqw fkdudfwhulvwlf wkdw wkh �up lv xqdeoh wr revhuyh gluhfwo|1

Lqvwhdg/ d �up pxvw ohduq derxw lwv delolw| wkurxjk lwv rzq surgxfwlyh h{shulhqfh1 Khqfh/

�up ehkdylru lv dv prghohg e| Mrydqrylf +4<;5,1 Wkh �up*v ohduqlqj surfhvv lv frpsolfdwhg

e| wkh suhvhqfh ri djjuhjdwh vkrfnv dqg e| wkh �up*v lqdelolw| wr glvwlqjxlvk djjuhjdwh iurp

lglrv|qfudwlf vkrfnv zkhq pdnlqj lwv lqyhvwphqw ghflvlrqv1

Wkhuh lv d frqwlqxxp ri srwhqwldo �upv1 D srwhqwldo �up pdnhv lwv hqwu| ghflvlrq ehiruh

revhuylqj dq| lqirupdwlrq rq wkh �up0vshfl�f surgxfwlylw|1 Khqfh/ wkh hqwu| ghflvlrq

frpsduhv wkh h{shfwhg suhvhqw ydoxh ri sur�wv iru wkh dyhudjh �up wr wkh frvw ri hqwu|1

Ilupv pdnh ghflvlrqv wkdw pd{lpl}h wkh ydoxh gholyhuhg wr vkduhkroghuv1 Wklv suhplvh

dvvxphv wkdw wkhuh lv iuhh hqwu| lqwr wkh +frvwohvv, dfwlylw| ri �up pdqdjhphqw/ dqg wkdw

krxvhkrogv fdq krog shuihfwo| glyhuvl�hg sruwirolrv +pdqdjhuv hduq qr uhqwv/ dqg wkhuh duh

qr gl�huhqfhv ri rslqlrq dprqj vkduhkroghuv,1

Diwhu d �up lqfxuv wkh hqwu| frvw/ lw revhuyhv d vljqdo ri lwv surgxfwlylw|1 Surgxfwlrq

uhtxluhv dftxlulqj fdslwdo wkdw ehfrphv surgxfwlyh zlwk d rqh0shulrg odj1 Dq h{lvwlqj �up

pxvw pdnh dq h{lw ghflvlrq hdfk shulrg ehiruh pdnlqj lwv lqyhvwphqw fkrlfh1

D �up wkdw kdv dftxluhg &| xqlwv ri fdslwdo surgxfhv

+| ' eEwn5|n0|�sE&|� � e6|sE&|�c +514,

zkhuh w lv wkh �up*v surgxfwlylw|/ 5| lv dq djjuhjdwh vkrfn/ dqg 0| lv d �up0vshfl�f vkrfn1

Wkh surgxfwlrq ixqfwlrq/ s / lv vwulfwo| frqfdyh dqg lqfuhdvlqj +zlwk *�4&<f s
�E&� ' 4��

Iurp wklv rxwsxw/ d �up sd|v o|3�&| iru wkh fdslwdo lw kdv xvhg1 Wkh uhqwdo udwh lv gdwhg

| � � wr lqglfdwh wkdw wkh fdslwdo zdv dftxluhg lq wkh suhylrxv shulrg1 Wkh �up*v sur�w
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lv ghqrwhg Z| � +|� o|3�&| n E� � B�&|/ zkhuh B lv wkh udwh ri ghsuhfldwlrq ri fdslwdo1 Wkh

uhvlgxdo Z| lv sdlg wr vkduhkroghuv1 Qrwh wkdw wkhuh pd| eh vwdwhv ri wkh zruog lq zklfk

vrph �upv* uhdol}hg sur�wv duh qhjdwlyh1 Zh dvvxph wkdw wkh uhvlgxdo fodlpdqw vkduhkroghuv

duh reoljdwhg wr pdnh xs dq| vkruwidoo1 Lq d odujh hfrqrp| zlwk glyhuvl�hg vkduhkroglqjv/

djjuhjdwh sur�wv dqg dyhudjh uhwxuq wr vkduhkroghuv zloo dozd|v eh srvlwlyh1 D �up wkdw

fkrrvhv wr h{lw pdnhv d �qdo glvwulexwlrq ri � wr lwv vkduhkroghuv1 Lq dgglwlrq wr yroxqwdu|

h{lw/ zh dvvxph wkdw d iudfwlrq 1 ri doo �upv dfwlyh lq shulrg | glh sulru wr pdnlqj wkhlu

shulrg |n � h{lw ghflvlrq1

D �uppdnhv lwv lqyhvwphqw ghflvlrq +&|n�, nqrzlqj lwv rzq fxuuhqw rxwsxw + +|,/ exw qrw

djjuhjdwh rxwsxw +t|,1 Frqvhtxhqwo|/ lw grhv qrw nqrz wkh fxuuhqw ydoxh ri wkh djjuhjdwh

vkrfn +5|,1 Wkdw lv/ dw wkh wlph ri lwv wlph | lqyhvwphqw ghflvlrq/ wkh �up*v lqirupdwlrq

vhw lqfoxghv wkh klvwrulhv 6|dqg 5|3�/ dv zhoo dv wkh fxuuhqw lqwhuhvw udwh o|1
8 Iurp wklv

lqirupdwlrq/ wkh �up frqvwuxfwv dq h{shfwdwlrq ri 6|n�1 Lqirupdwlrq rq djjuhjdwh rxwsxw/

dqg wkhuhiruh rq wkh fxuuhqw ydoxh ri wkh djjuhjdwh vkrfn/ 5|/ lv qrw revhuyhg xqwlo diwhu

wkh lqyhvwphqw ghflvlrq kdv ehhq pdgh1

Zh pdnh wkh iroorzlqj dvvxpswlrqv derxw wkh suredelolw| vwuxfwxuh jryhuqlqj wc 0c dqg

5= w q �E>c j2�> 0| q �Efc � 2�> dqg 5| q �E45|3�c #
2�c f 	 4 	 �1 Ohw w| ghqrwh wkh

h{shfwhg ydoxh ri w/ frqglwlrqdo rq wkh klvwru| E6|c 5|�/ dqg ohw j2| ghqrwh wkh frqglwlrqdo

yduldqfh1 Wkhvh eholhiv hyroyh dffruglqj wr

w| ' w|3� n
j2|3�

j2|3� n �2
E6| � 5| � w|3�� +515,

j2| '
j2|3��

2

j2|3� n �2
� +516,

Wkh xsgdwlqj uxoh lv edvhg rq wkh revhuydwlrq ri wkh fxuuhqw djjuhjdwh vkrfn1 Zkhq

pdnlqj lwv lqyhvwphqw ghflvlrq/ krzhyhu/ wkh �up kdv qrw revhuyhg wklv vkrfn1 Dw wkdw

vwdjh/ wkh �up krogv dq lqwhulp eholhi derxw lwv surgxfwlylw|/ vxppdul}hg e| wkh sdlu/

Ehw|c hj2| �/ zkhuh
hw| ' w|3� n

j2|3�
j2|3� n �2 n #2

E6| � 45|3� � w|3��c +517,

8Zh dvvxph wkdw wkh sulfh uw lv qrw lqirupdwlyh derxw wkh djjuhjdwh vwdwh1 Wklv dvvxpswlrq zloo eh

glvfxvvhg pruh ehorz1
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hj2| ' j2|3�E�
2 n #2�

j2|3� n � 2 n #2
� +518,

Wkh xsgdwlqj uxoh lqglfdwhv krz pxfk ri wkh revhuyhg vxp 6| ' w n 5| n 0| wkh �up

dwwulexwhv wr qhzv derxw lwv rzq surgxfwlylw|1 Dw wkh vdph wlph/ wkh �up xsgdwhv lwv

eholhiv derxw wkh fxuuhqw ydoxhv ri wkh djjuhjdwh dqg lglrv|qfudwlf vkrfnv=

h5| ' 45|3� n
#2

j2|3� n � 2 n #2
E6| � 45|3� � w|3��c +519,

#2| '
#2Ej2|3� n �2�

j2|3� n � 2 n #2
c +51:,

h0| ' �2

j2|3� n �2 n #2
E6| � 45|3� � w|3��c +51;,

� 2| '
�2Ej2|3� n #2�

j2|3� n �2 n #2
� +51<,

Wr vxppdul}h/ wkh hyroxwlrq ri wkh �up*v eholhiv derxw lwv rzq surgxfwlylw| lv d wzr0

vwdjh surfhvv lq hdfk shulrg1 Wkh �up frphv lqwr shulrg | zlwk eholhiv Ew|3�c j
2
|3��1 Xsrq

revhuylqj 6|/ lw dgmxvwv lwv eholhiv wr Ehw|c hj2| �1 Edvhg rq wklv eholhi/ wkh �up pdnhv lwv h{lw

dqg lqyhvwphqw ghflvlrqv1 Rqfh djjuhjdwh rxwsxw lv revhuyhg/ eholhiv dgmxvw djdlq wr Ew|c j
2
| �1

Wkh eholhiv zlwk zklfk wkh �up h{lwv shulrg | duh frqvlvwhqw erwk zlwk xsgdwlqj iurp

Ew|3�c j
2
|3�� xsrq revhuylqj w n 0|/ dqg zlwk xsgdwlqj iurp Ehw|c hj2| � xsrq revhuylqj 5|1 Iru

frpsxwdwlrqdo sxusrvhv/ zh zloo dovr xvh dq dowhuqdwlyh irupxodwlrq ri wkh vwrfkdvwlf surfhvv

jryhuqlqj wkh djjuhjdwh vkrfn1 Xqghu wklv dowhuqdwlyh/ zh zloo dvvxph wkdw 5| iroorzv d wzr0

vwdwh Pdunry surfhvv zlwk vwdwhv 5� dqg 5, dqg wudqvlwlrq suredelolwlhv R��1 Wklv surfhvv iru

5 fohduo| fkdqjhv wkh hyroxwlrq ri eholhiv derxw w1 Iru d jlyhq w|3� dqg 6| ' wn 5| n 0|/ w|

zloo wdnh rqh ri wzr ydoxhv1 Vshfl�fdoo|/ li 5| ' 5� E� ' ,c �� wkhq

w| ' w
�
| � w|3� n

j2|
j2| n �2

E6| � 5� � w|3��� +5143,

9



Zkhq wkh �up pdnhv lwv wlph | lqyhvwphqw ghflvlrq +zkhq 6| lv nqrzq exw 5| lv qrw,/

lwv eholhi/ zklfk lv frqglwlrqhg rq 5|3� ' 5�/ lv jlyhq e|

hw�| ' R��}|3�E6| � 5��

R��}|3�E6| � 5�� n R�,}|3�E6| � 5,�
w�| n

R�,}|3�E6| � 5,�

R��}|3�E6| � 5�� n R�,}|3�E6| � 5,�
w,|c

+5144,

zkhuh }|3� lv wkh qrupdo ghqvlw| zlwk phdq w|3� dqg yduldqfh j2|3�1 H{fhsw zkhuh qrwhg/

doo glvfxvvlrq lq zkdw iroorzv uhihuv wr wkh frqwlqxrxv surfhvv iru 51

D �up pdnhv lwv fkrlfhv wr pd{lpl}h wkh h{shfwhg suhvhqw ydoxh ri lwv sur�wv1 Wkh

�up*v ehkdylru fdq eh fkdudfwhul}hg e| wkh Ehoopdq htxdwlrq iru d �up wkdw kdv fkrvhq

qrw wr h{lw lq shulrg |=

�E5|3�c w|3�c j
2
|3�c6|( o|� ' q4@ . de6|n�sE&|n��� o|&|n� n E�� B�&|n� m 5|3�c6| o n

E�� 1�q.i4@ d�( �E5|c w|c j
2
| c6|n�( o|n��om5

|3�c6|j +5145,

Wkh lqyhvwphqw ghflvlrq lv d vwdwlf fkrlfh sureohp/ vlqfh &|n� kdv qr h�hfw eh|rqg Z|n�1

Khqfh/ lqyhvwphqw lv ghwhuplqhg e| wkh �uvw0rughu frqglwlrq=

.
�
e6|n� m 5|3�c w|3�c j

2
|3�c6|

�
s �E&|n�� ' o| n B � �c +5146,

ru

i Tdhw| n 4h5| n �

2
Ehj2| n 42#2| n #2 n �2�os �E&|n�� ' o| n B � �� +5147,

Wklv frqglwlrq ghwhuplqhv wkh �up*v lqyhvwphqw dv d ixqfwlrq ri wkh uhqwdo udwh dqg

lwv eholhiv frqglwlrqdo rq wkh klvwru| E5|3�c6|�1 Wkh vhfrqg whup rq wkh uljkw0kdqg vlgh ri

htxdwlrq +5145, uh hfwv wkh �up*v fkrlfh ehwzhhq h{lwlqj dqg frqwlqxlqj/ li lw vxuylyhv wr

wkdw ghflvlrq srlqw1 Wkh h{lw fkrlfh +lq shulrg |n�, lv frqglwlrqhg rq wkh klvwru| E5|c6|n��1

Wkh hyroxwlrq ri eholhiv derxw w lv vwrfkdvwlf/ ghshqglqj rq wkh �up*v uhdol}hg rxwsxw

h{shulhqfh1 Krzhyhu/ wkh yduldqfh ri wklv shufhlyhg glvwulexwlrq/ j2| / iroorzv d ghwhuplqlvwlf

sdwk1 Wkdw lv/ j2| ghshqgv rqo| rq d �up*v djh1 Vlqfh lw zloo eh xvhixo wr frqvlghu wkh

ehkdylru ri �upv lq d jlyhq djh frkruw/ zh fdq dffruglqjo| fkdudfwhul}h wkh ydoxh ixqfwlrq

� iru d jlyhq j2| 1

:



Ohppd 5141 Wkh ydoxh ixqfwlrq �E5c wc j2c6( o� lv lqfuhdvlqj lq 5c wc 6c dqg ghfuhdvlqj

lq o1 Iru dq| E5c j2c6c o�/ wkhuh lv d ew vxfk wkdw �E5c wc j2c6( o� � � iru doo w � ew/ dqg
�E5c wc j2c6( o� � � iru doo w � ew1

Rqh fdq jdlq vrph lqwxlwlrq uhjduglqj wkh gl�huhqfhv lq ehkdylru ri odujh dqg vpdoo �upv

e| h{dplqlqj krz wkh lqyhvwphqw ghflvlrq ydulhv zlwk 6|1 Vlqfh d �up fdqqrw glvwlqjxlvk

djjuhjdwh iurp lglrv|qfudwlf vkrfnv zkhq lw pdnhv lwv lqyhvwphqw ghflvlrq/ lwv uhdfwlrq wr

lwv revhuyhg 6| lq sduw frxog eh dq �ryhuuhdfwlrq� wr wkh dprxqw ri 6| wkh �up dwwulexwhv

wr wkh shupdqhqw frpsrqhqwv1 Dq lpsruwdqw ghwhuplqdqw ri wklv uhdfwlrq lv wkh �up*v

xqfhuwdlqw| uhjduglqj lwv rzq shupdqhqw surgxfwlylw| sdudphwhu/ w1 Wkh ohvv suhflvh lwv

hvwlpdwh ri w +wkh juhdwhu j2|3�,/ wkh juhdwhu zloo eh lwv uhvsrqvh wr yduldwlrqv lq 6|1 Rqh

fdq xqghuvwdqg wklv uhvxow e| qrwlqj wkdw wkh �uvw rughu frqglwlrq iru lqyhvwphqw +htxdwlrq

+5147,,/ diwhu vxevwlwxwlqj iru hw|/ hj2| / h5|/ dqg #2| / fdq eh zulwwhq dv iroorzv=

o| n B � � ' i Tdw|3� n 425|3� n
j2|3� n 4#2

j2|3� n #2 n �2
E6| � 45|3� � w|3��

n
j2|3�E�

2 n #2� n 42#2Ej2|3� n �2�

2Ej2|3� n #2 n �2�

n
�

2
E#2 n �2�os �E&|n�� +5148,

Frqvlghu wzr �upv zlwk wkh vdph w|3� dqg 6| exw zlwk gl�huhqw j2|3�1 Iurp wkh deryh

htxdwlrq/ rqh fdq vhh wkdw wkh �up zlwk wkh ohvv suhflvh hvwlpdwh +juhdwhu j2|3�, zloo fkrrvh

d juhdwhu lqyhvwphqw ohyho li6| : 45|3�nw|3� dqg d vpdoohu lqyhvwphqw li6| 	 45|3�nw|3�1

Wklv gl�huhqfh dfurvv yduldqfhv +j2|3�, lv rqh dfurvv �upv ri gl�huhqw djhv/ vlqfh j
2
|3� ydulhv

ghwhuplqlvwlfdoo| zlwk djh1 Krzhyhu/ wkh gl�huhqfh lv dovr wkh nh| wr gl�huhqfhv lq ehkdylru

dfurvv �up vl}hv1

Wkh ohppd vwdwhv krz wkh ydoxh ixqfwlrq ydulhv zlwk w|3�c6|c dqg 5|3�1 Wkh ydoxh

ixqfwlrq*v yduldwlrq zlwk j2|3� +dqg khqfh zlwk djh, lv pruh frpsoh{1 Khuh wkhuh duh wzr

rssrvlqj h�hfwv1 Rq wkh rqh kdqg/ xqfhuwdlqw| derxw delolw| fdxvhv d �up wr pdnh wkh

�zurqj� lqyhvwphqw ghflvlrq uhodwlyh wr wkh fkrlfh lw zrxog pdnh li w zhuh nqrzq1 Lq

wklv uhvshfw/ xqfhuwdlqw| lv frvwo| wr wkh �up*v ydoxh1 Rq wkh rwkhu kdqg/ wkh h{lw rswlrq

lqwurgxfhv d qrqfrqyh{lw| lq wkh ydoxh ri uhpdlqlqj lq exvlqhvv1 Li d �up kdv d orz fxuuhqw

eholhi + w|3�,/ wkhuh lv d orzhu erxqg rq krz pxfk zruvh r� lw fdq pdnh lwvhoi e| wdnlqj rqh

pruh revhuydwlrq rq lwv delolw|1 Wkh rswlrq ydoxh ri dq lqfuhphqwdo revhuydwlrq lv lqfuhdvlqj

lq j2|3�1 Wklv h�hfw/ krzhyhu/ lv juhdwhvw lq wkh qhljkerukrrg ri � ' � dqg idoov +xowlpdwho|

;



ydqlvklqj, dv � ulvhv deryh �1 Wr eh pruh suhflvh/ li d �up*v fxuuhqw h{shfwdwlrq ri lwv

qh{w shulrg*v lqwhulp eholhi/ .|

khw|n�l c lv forvh wr d jlyhq h{lw wkuhvkrog/ wkhq lwv qh{w

shulrg*v h{shfwhg ydoxh lv vwulfwo| lqfuhdvlqj lq wkh yduldqfh ri hw|n�1 Wklv yduldqfh lv d

vwulfwo| lqfuhdvlqj ixqfwlrq ri j2|3�1 Khqfh/ lq wkh qhljkerukrrg ri wkh h{lw wkuhvkrog/ wkh

ydoxh ixqfwlrq lv lqfuhdvlqj lq j2|3�/ zkloh eh|rqg wkdw qhljkerukrrg/ lw lv ghfuhdvlqj1 Wklv

fuhdwhv d whqghqf| iru dyhudjh �up vl}h wr lqfuhdvh zlwk djh1 Lq sduwlfxodu/ li rqh zhuh wr

vhjphqw wkh srsxodwlrq ri �upv lqwr odujh dqg vpdoo �upv/ wkh dyhudjh djh ri wkh odujh

jurxs zrxog eh juhdwhu wkdq wkdw ri wkh vpdoo jurxs1 Dv d uhvxow/ gl�huhqfhv lq ehkdylru

wkdw duh gulyhq e| djh zloo vkrz xs dv gl�huhqfhv ehwzhhq odujh dqg vpdoo �upv1

61 D Vwdwlrqdu| Prgho

Lq wklv vhfwlrq/ zh suhvhqw d jhqhudo htxloleulxp yhuvlrq ri wkh prgho zlwkrxw djjuhjdwh

vkrfnv1 Zh fdoleudwh wklv prgho vr wkdw wkh vwhdg| vwdwh lqgxvwu| vwuxfwxuh pdwfkhv wkh

vwuxfwxuh ri wkh X1V1 pdqxidfwxulqj vhfwru dorqj vrph nh| glphqvlrqv1 Wkh fdoleudwhg

sdudphwhuv duh xvhg iru vlpxodwlrqv ri wkh prgho zlwk djjuhjdwh vkrfnv1

H{lvwlqj �upv ehkdyh dv ghvfulehg deryh zlwk rqh nh| h{fhswlrq> lq wkh devhqfh ri

dq djjuhjdwh vkrfn/ d �up lv deoh wr xsgdwh lwv eholhiv iurp Ew|3�c j
2
|3�� wr Ew|c j

2
| � xsrq

revhuydwlrq ri 6| ' w n 0|1 Dw dq| srlqw lq wlph wkhuh lv d frqwlqxxp ri srwhqwldo �upv/

zlwk pdqdjhphqw uhvsrqvlelolwlhv udqgrpo| doorfdwhg dprqj wkh djhqwv lq wkh hfrqrp|

dqg zlwk hdfk �up +dqg srwhqwldo �up, kdylqj rqh pdqdjhu19 Rzqhuvkls lv dovr doorfdwhg

dprqj wkh djhqwv1 Hyhq rzqhuvkls lq srwhqwldo �upv wkdw qhyhu hqwhu lv glvwulexwhg1 Doo

krxvhkrogv rzq lghqwlfdo sruwirolrv ri fodlpv wr wkh fdvk  rzv ri doo �upv dqg srwhqwldo

�upv1 Khqfh/ wkhvh sruwirolrv duh shuihfwo| glyhuvl�hg dqg ulvnohvv1

Hdfk shulrg/ d srwhqwldo hqwudqw fkrrvhv zkhwkhu wr lqfxu wkh hqwu| frvw �e1 Li wkh

frvw lv lqfxuuhg/ wkh �up gudzv d w iurp wkh srsxodwlrq glvwulexwlrq/ zklfk lv �E>c j2�1

Wkh �up grhv qrw revhuyh lwv w gluhfwo|1 Lqvwhdg/ lw revhuyhv d vljqdo 7 iurp d qrupdo

glvwulexwlrq zlwk phdq w dqg yduldqfh j2r1 Rqh fdq wklqn ri wkh hqwu| frvw dv wkh frvw ri

surgxflqj wkh lqlwldo vljqdo ri �up surgxfwlylw|1 Frqglwlrqdo rq wklv vljqdo/ wkh hqwudqw*v

eholhiv duh vxppdul}hg e| wkh sdlu Ewec j
2
e�/ zkhuh

9Wkh dfw ri pdqdjlqj d �up lpsrvhv qr frvwv rq wkh lqglylgxdo djhqw1 Khqfh/ wkhuh duh qr lqfhqwlyh

sureohpv/ dqg zh dvvxph wkdw �upv duh rshudwhg wr pd{lpl}h vkduhkroghu uhwxuqv1

<



we ' >n
j2r

j2 n j2r
E7 � >�c +614,

j2e '
j2rj

2

j2 n j2r
� +615,

Wkhuhiruh/ Ewec j
2
e� sod|v wkh vdph uroh iru hqwudqwv wkdw Ew|3�c j

2
|3�� sod|v iru h{lvwlqj

�upv1 Edvhg rq wkhvh eholhiv/ wkh hqwudqw pdnhv dq lqyhvwphqw fkrlfh1

6141 Wkh Krxvhkrog*v Sureohp

D frqwlqxxp ri lghqwlfdo krxvhkrogv +zlwk wrwdo phdvxuh rqh, pdnhv frqvxpswlrq dqg

vdylqjv ghflvlrqv lq hdfk shulrg1 Vdylqjv rxw ri fxuuhqw lqfrph Er|� wdnhv wkh irup ri

vhoolqj vrph fxuuhqw frqvxpswlrq jrrg wr �upv iru xvh dv fdslwdo lq wkh qh{w shulrg1 Dw

wlph }hur/ hdfk krxvhkrog kdv dq hqgrzphqw ri jrrgv wkdw fdq eh frqvxphg ru vrog wr

�upv dv shulrg0rqh fdslwdo1 Dw hdfk vxevhtxhqw shulrg E| � ��/ wkh krxvhkrog hduqv o|3�r|3�

rq lwv suhylrxv shulrg*v vdylqjv dqg dovr uhfhlyhv lwv vkduh ri fxuuhqw shulrg sur�wv1 Wkhvh

sur�wv lqfoxgh wkh � +xqlwv ri frqvxpswlrq jrrg, surgxfhg e| hdfk h{lwlqj �up dqg wkh

Z| ' +| � o|3�&| n E�� B�&| iru hdfk dfwlyh �up1 Jlyhq wkdw hdfk krxvhkrog krogv dq htxdo

vkduh ri wkh pdunhw sruwirolr/ d krxvhkrog*v lqfrph lq shulrg | zloo vlpso| eh htxdo wr

wkh shulrg*v djjuhjdwh/ shu fdslwd rxwsxw1 Wkhvh krxvhkrogv* ehkdylru/ wkhuhiruh/ fdq eh

wuhdwhg dv wkrxjk lw dulvhv iurp d uhsuhvhqwdwlyh krxvhkrog vroylqj=

4@ 
"[
|'f

q|�ES|�

r�|� Sf n rf � tf +616,

S| n r| � f|� n o|3�r|3� n�|c +617,

| � �c
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zkhuh tf lv wkh djjuhjdwh lqlwldo hqgrzphqw/ f| lv wkh phdvxuh ri h{lwlqj �upv lq shulrg |/

dqg �| lv wkh djjuhjdwh sur�w ri rshudwlqj �upv1 Wkh krxvhkrog fkrrvhv wr pdnh r| xqlwv ri

fxuuhqw lqfrph dydlodeoh wr �upv iru xvh dv qh{w shulrg*v fdslwdo1 Lq wkh qh{w shulrg/ wkh

krxvhkrog uhfhlyhv lwv lqfrph lq wkh irup ri uhqw rq fdslwdo dqg �upv* glvwulexwhg sur�wv1

Zlwk qr djjuhjdwh xqfhuwdlqw| dqg shuihfwo| glyhuvl�hg sruwirolrv/ ixwxuh lqfrph dqg sulfhv

duh fhuwdlq1 Wkh krxvhkrog*v sureohp/ wkhq/ lv txlwh vwdqgdug1

6151 Lqgxvwu| Vwuxfwxuh

Wkh lqgxvwuldo vwuxfwxuh ri wklv hfrqrp| dw wlph | lv ghwhuplqhg e| wkh glvwulexwlrq ri �upv

ryhu wkh Ew|3�c j
2
|3�� fkdudfwhulvwlf vsdfh1 Wklv glvwulexwlrq/ lq wxuq/ lv ghvfulehg e| d vhw

ri phdvxuhv ��
| E� � f� jlylqj wkh phdvxuh ri �upv zlwk � shulrgv ri surgxfwlrq h{shulhqfh

ryhu w|3�/ zlwk � ' f ghqrwlqj wkh phdvxuh ri hqwudqwv ryhu we1 Wr vhh krz wkhvh phdvxuhv

hyroyh ryhu wlph/ ghqrwh d �up*v eholhi derxw w frplqj lqwr d shulrg e| w�/ dqg ghqrwh wkh

xsgdwhg eholhi xsrq revhuylqj 6| ' w n 0| e| w��1 Zh fdq wkhq zulwh wkh hyroxwlrq ri wkh

phdvxuhv ��
| dv

��n�
|n�Ew

��� ' E�� 1�

]
��
|Ew

��}�w�dEw�� � w��
Ej��2 n �2

Ej��2
n w�o_w�c +618,

�f|n�Ew
��� ' �|n�}

f

>dEw
�� � >�

j2 n � 2

j2
n >o� +619,

zkhuh �|n� lv wkh pdvv ri hqwudqwv dw |n �/ Ej��2 lv wkh yduldqfh ri dq djh0� �up*v eholhiv

derxw lwv w/ dqg }�
w� lv wkh suredelolw| ghqvlw| ixqfwlrq ri d qrupdo glvwulexwlrq zlwk phdq

w� dqg yduldqfh Ej��2 n �21:

Wkh vl}h glvwulexwlrq ri �upv lv d wudqvirupdwlrq ri wkh glvwulexwlrq ryhu w|3�1 Wr

frqvwuxfw wklv glvwulexwlrq/ qrwh wkdw iru �upv ri d jlyhq djh E�� dqg zlwk d jlyhq eholhi

w�/ wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq wkhlu rxwsxw h{shulhqfh E6|� dqg wkhlu

xsgdwhg eholhi w��/ zklfk lq wxuq ghwhuplqhv wkhlu lqyhvwphqw fkrlfh &|n�1 Ohw �
�E&� ghqrwh

wkh eholhi w�� wkdw lqgxfhv dq djh0� �up wr fkrrvh lqyhvwphqw &1 Wkh phdvxuh ri �upv zlwk

d jlyhq djh dqg sulru eholhi w� fkrrvlqj vl}h & lv;

:Jlyhq rxu qrwdwlrq iru wkh djh0ghshqghqw yduldqfh +�l,5/ zh zloo dovr xvh +�3,5/ iru �5
h
1

;Lq wklv qrwdwlrq/ wkh wlph vxevfulsw rq wkh phdvxuhv �l kdv ehhq vxusuhvvhg1 Lq d vwdwlrqdu| htxloleulxp/

wkhvh phdvxuhv zloo eh wlph0lqyduldqw1
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��Ew��}�w� dE��E&�� w��
Ej��2 n �2

Ej��2
n w�o� +61:,

Wkh phdvxuh ri �upv dw vl}h &/ wkhq/ lv rewdlqhg e| lqwhjudwlqj ryhu w� dqg vxpplqj

ryhu �1 Ghqrwlqj wklv phdvxuh e| bE&�/ zh kdyh

bE&� '
"[
�'f

]
w�

��Ew��}�w�dE��E&�� w��
Ej��2 n �2

Ej��2
n w�o_w�� +61;,

Dqrwkhu lpsruwdqw fkdudfwhulvwlf ri wkh lqgxvwuldo vwuxfwxuh lv wkh udwh ri h{lw1 Dv

gh�qhg lq +616, lq wkh krxvhkrog*v sureohp deryh/ f| lv wkh pdvv ri h{lwlqj �upv1 H{lw

frphv lq wzr irupv1 Doo �upv idfh d frqvwdqw/ h{rjhqrxv suredelolw| 1 ri glvdsshdulqj1 Lq

dgglwlrq/ vrph iudfwlrq ri wkh �upv frplqj lqwr shulrg | zloo kdyh shulrg | rxwsxw vr orz dv

wr gulyh wkhlu w| ehorz wkh h{lw wkuhvkrog1 Wklv odwwhu/ hqgrjhqrxv h{lw xowlpdwho| ghfuhdvhv

lq iuhtxhqf| zlwk �up djh dv �upv* eholhiv derxw wkhlu delolwlhv ehfrph pruh suhflvh1 Dv

djh lqfuhdvhv/ d frkruw*v h{lw udwh dssurdfkhv wkh h{rjhqrxv suredelolw| 11 Ghqrwlqj wkh

djh0� frkruw*v h{lw wkuhvkrog e| ew�/ zh fdq zulwh wkh pdvv ri h{lwlqj �upv dv

f '

"[
�'�

]
w�

��Ew��i1 n E�� 1�

]
w��$ew

�

}�w� dEw�� � w��
Ej��2 n � 2

Ej��2
n w�o_w��j_w��

�
"[
�'�

f � +61<,

Khqfh/ wkh phdvxuh ri hqgrjhqrxvo| h{lwlqj �upv lv wkh phdvxuh ri �upv zkrvh sur0

gxfwlrq h{shulhqfh fdxvhv wkhlu eholhiv wr idoo ehorz wkh h{lw wkuhvkrog iru wkhlu djh1

Wkh wrwdo qxpehu +phdvxuh, ri �upv ri d jlyhq djh lv K� '
U
w� ��Ew��/ dqg wkh wrwdo

qxpehu ri �upv lq wkh srsxodwlrq lv K '
S

� K
�1 Wklv djjuhjdwh phdvxuh hyroyhv dffruglqj

wr K� ' K�f n� 1

6161 Htxloleulxp

D vwdwlrqdu| htxloleulxp frqvlvwv ri h{lw uxohv jlyhq e| ew�/ iru � � f> lqyhvwphqw ghflvlrqv

jlyhq e| &�WEw��( o�> dq djjuhjdwh vdylqjv fkrlfh 7Eo�> d vhw ri phdvxuhv �� iru � � f> d pdvv

ri hqwudqwv � > dqg d sulfh o1 Wkh ghflvlrq uxohv ew� dqg &�W pxvw vroyh wkh �up*v sureohp
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frqglwlrqdo rq wkh revhuydwlrq ri fxuuhqw shulrg rxwsxw1 Vdylqjv pxvw vroyh wkh krxvhkrog

sureohp1 Pdunhw fohdulqj uhtxluhv wkdw

7Eo� ' E�� 1�
"[
�'f

]
w�

]
w��Dew

�

��Ew��}�w�dEw�� � w��
Ej��2 n �2

Ej��2
n w�o&�WEw��( o�_w��_w�� +6143,

Wkh uljkw0kdqg vlgh ri +6143, jlyhv wkh wrwdo lqyhvwphqw ghpdqg ri vxuylylqj �upv1

Frqvlvwhqf| frqglwlrqv iru wkh phdvxuhv � dqg � lqfoxgh

� ' f( +6144,

]
w�

�fEw��_w� ' � ( dqg +6145,

��Ew�� ' f li w� 	 ew�3�� +6146,

Wkdw lv/ hqwu| htxdov h{lw/ wkh phdvxuh dfurvv doo vl}hv ri wkh |rxqjhvw frkruw lv htxdo wr

wkh phdvxuh ri hqwudqwv/ dqg wkhuh duh qr �upv ehorz wkh h{lw wkuhvkrog iru wkhlu jhqhudwlrq1

Ilqdoo|/ hqwudqwv pxvw eh lqgl�huhqw ehwzhhq hqwhulqj dqg vwd|lqj rxw=

�e '

]
we

�Ewec j
2
ec o�}>dEwe � >�

j2r
j2r n j2

n >o_wec +6147,

zkhuh }> lv wkh ghqvlw| iru d qrupdo glvwulexwlrq zlwk phdq > dqg yduldqfh j2r n j2 +khuh/

> dqg j2 duh wkh sdudphwhuv ri wkh srsxodwlrq glvwulexwlrq ri w/ dqg j2r lv wkh yduldqfh ri

wkh qrlvh lq dq hqwudqw*v lqlwldo vljqdo ri w,1

6171 Fdoleudwlrq

Zh zrxog olnh wkh vwdwlrqdu| htxloleulxp vl}h glvwulexwlrq ri �upv wr pdwfk fhuwdlq fkdu0

dfwhulvwlfv ri wkh X1V1 pdqxidfwxulqj vhfwru1 Zh zloo fkrrvh fhuwdlq sdudphwhuv uhodwlqj wr

wkh �up jurzwk surfhvv vr wkdw djjuhjdwh h{lw udwhv dqg wkh sursruwlrq ri �upv wkdw duh

|rxqj djuhh zlwk vwdwlvwlfv rq h{lw udwhv ri pdqxidfwxulqj �upv1 Wkhvh jurzwk surfhvv

sdudphwhuv duh wkh hqwu| frvw �e> wkh rssruwxqlw| frvw ri frqwlqxlqj lq rshudwlrq �> wkh
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sdudphwhuv ri wkh srsxodwlrq glvwulexwlrq ri surgxfwlyh delolw|/ > dqg j2> wkh yduldqfh ri

wkh qrlvh lq dq hqwudqw*v lqlwldo revhuydwlrq rq w/ j2r> wkh yduldqfh ri wkh qrlvh lq lqglylgxdo

rxwsxw E0|�/ �
2> dqg wkh h{rjhqrxv h{lw udwh 11

Zh qrupdol}h wkh phdq ri wkh srsxodwlrq glvwulexwlrq wr 31 Rwkhu sdudphwhuv zloo d�hfw

hqwu| dqg h{lw ehkdylru e| wkhlu pdjqlwxghv uhodwlyh wr >/ dqg fkrlfhv ri ydoxhv iru wkhvh

sdudphwhuv zloo eh gulyhq e| krz wkh| mrlqwo| h�hfw dyhudjh hqwu| dqg h{lw fkrlfhv1 Wkh

h{rjhqrxv h{lw udwh 1 lv dq h{fhswlrq/ vlqfh wklv irup ri h{lw lv qrw d pdwwhu ri fkrlfh1

Rqh fdq qrwh iurp htxdwlrq +61<,/ krzhyhu/ wkdw wkh h{lw udwh ri d jlyhq djh frkruw/ f�/

dssurdfkhv 1 dv � jurzv1 Wkhuhiruh zh vhw 1 dw wkh hvwlpdwhg h{lw udwh iru pdwxuh �upv iurp

Gxqqh/ Urehuwv dqg Vdpxhovrq +4<;;,1 Wkh| hvwlpdwh wkh �yh0|hdu h{lw udwh iru odujh dqg

pdwxuh �upv wr eh derxw 53 shufhqw1 Dffruglqjo|/ zh vhw wkh txduwhuo| udwh 1 dw 31341

Iru wkh uhpdlqlqj jurzwk0surfhvv sdudphwhuv/ zh vhhn wr pdwfk wkh djjuhjdwh h{lw udwh

dqg wkh iudfwlrq ri �upv lq wkh hfrqrp| wkdw duh �|rxqj1� Wkh djjuhjdwh h{lw udwh lq X1V1

pdqxidfwxulqj lv derxw 41< shufhqw shu txduwhu +ru derxw 73 shufhqw shu �yh |hduv, dv

grfxphqwhg e| Krshqkd|q dqg Urjhuvrq +4<<6,1 Hydqv +4<;:e, jlyhv vwdwlvwlfv rq wkh djh

glvwulexwlrq ri X1V1 pdqxidfwxulqj �upv1 Iurp klv gdwd zh vhhn wr pdwfk wkh idfw wkdw 63

shufhqw ri doo �upv duh 9 |hduv rog ru ohvv/ 66 shufhqw ri wkh �upv duh ehwzhhq wkh djh :

dqg 531 Ilqdoo|/ zh dovr vhhn dq djh glvwulexwlrq lq zklfk wkh dyhudjh djh ri �upv lv 45

|hduv1 Wkhvh fkdudfwhulvwlfv duh dfklhyhg e| wkh iroorzlqj sdudphwhu vhwwlqjv= j2 ' f�fe>

j2r ' � 2 ' f�f�> � ' �Df1

Wkh hqwu| frvw �e lv vrphwklqj ri d whfkqlfdolw|/ vlqfh wkh �vxsso|� ri hqwudqwv lq wklv

hfrqrp| lv shuihfwo| hodvwlf zlwk uhvshfw wr wklv frvw1 Wkdw lv/ lq rughu iru h{dfwo| wkh uljkw

qxpehu +phdvxuh, ri �upv wr eh zloolqj wr hqwhu hdfk shulrg/ �e pxvw eh h{dfwo| htxdo wr

wkh h{shfwhg ydoxh ri ehlqj dq hqwudqw1 Khqfh/ diwhu fdofxodwlqj wkh vwdwlrqdu| glvwulexwlrq

xqghu wkh dvvxpswlrq wkdw hqwu| mxvw edodqfhv h{lw/ zh vhw wkh frvw htxdo wr wkh h{shfwhg

ydoxh ri ehlqj dq hqwudqw vr wkdw doo srwhqwldo hqwudqwv duh lqgl�huhqw dw wkdw srlqw1

Wkh uhpdlqlqj sdudphwhuv lq wkh prgho duh pruh vwdqgdug1 Zh vhw wkh glvfrxqw udwh/

q/ dw 31<;< dqg wkh ghsuhfldwlrq udwh/ B/ dw 31351 Zh xvh wkh surgxfwlrq ixqfwlrq sE&� ' &k

dqg vhw k dw 31661 Wdeoh 4 vxppdul}hv wkh sdudphwhul}dwlrq1
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Wdeoh 41 Fdoleudwhg Sdudphwhuv

v|pero yduldeoh ydoxh
> srsxodwlrq phdq ri �upv* surgxfwlylw| 3
j2 srsxodwlrq yduldqfh ri �upv* surgxfwlylw| 3137
j2r yduldqfh ri wkh qrlvh lq hqwudqwv* lqlwldo surgxfwlylw| 3134
�2 yduldqfh ri wkh qrlvh lq �upv* surgxfwlylw| 3134
1 h{rjhqrxv h{lw udwh 3134
� h{lw ydoxh 483
k fdslwdo lqfrph vkduh ri wrwdo lqfrph 3166
q glvfrxqw udwh 31<;<
B fdslwdo ghsuhfldwlrq udwh 3135

Zlwk wkhvh sdudphwhuv/ wkh vwdwlrqdu| htxloleulxp lqgxvwu| vwuxfwxuh lv ghslfwhg lq

Iljxuhv 4 wkurxjk 71 Iljxuh 4 ghslfwv wkh mrlqw glvwulexwlrq ri vl}h dqg djh1 Iljxuhv 5 dqg 6

jlyh wkh djh dqg vl}h glvwulexwlrqv vhsdudwho|/ zkloh Iljxuhv 7 jlyhv wkh glvwulexwlrqv ri vl}h

dw ydulrxv djhv1 Qrwlfh �uvw krz wkh vl}h glvwulexwlrq vkliwv wr wkh uljkw zlwk lqfuhdvlqj djh/

uh hfwlqj wkh idfw wkdw ew� lv lqfuhdvlqj zlwk djh +�,1 Wklv/ wrjhwkhu zlwk wkh ghfolqlqj ghqvlw|
ri wkh djh glvwulexwlrq/ frqwulexwhv wr wkh ryhudoo vnhzqhvv ri wkh vl}h glvwulexwlrq1 Doo ri

wkhvh fkdudfwhulvwlfv duh suhvhqw lq wkh gdwd iru X1V1 pdqxidfwxulqj1 Wkh prgho surgxfhv

dq lqgxvwuldo vwuxfwxuh wkdw lv txdolwdwlyho| vlplodu wr wkdw ri X1V1 pdqxidfwxulqj1

71 Djjuhjdwh Vkrfnv dqg H{rjhqrxv Sulfhv

Wkh gl�huhqwldo vhqvlwlylw| ri �upv ri gl�huhqw vl}hv ru djhv wr djjuhjdwh  xfwxdwlrqv uhvwv

rq wkh lqdelolw| wr ixoo| �owhu rxw djjuhjdwh vkrfnv lq xsgdwlqj wkhlu eholhiv derxw wkhlu

rzq delolw| sdudphwhuv1 Wkh ghvfulswlrq ri d �up*v ghflvlrq sureohp dvvxphv wkdw wkh �up

fkrrvhv lwv lqyhvwphqw diwhu revhuylqj lwv fxuuhqw rxwsxw exw ehiruh nqrzlqj djjuhjdwh

rxwsxw iru wkh fxuuhqw shulrg1 Li wkh �up nqhz djjuhjdwh rxwsxw/ lw frxog xsgdwh lwv eholhiv

vroho| rq wkh revhuydwlrq ri w n 0|/ dqg wkh ohduqlqj uxoh zrxog eh lghqwlfdo wr wkdw lq wkh

suhylrxv vhfwlrq*v vwdwlrqdu| fdvh1

Vlqfh �upv ex| wkhlu lqyhvwphqw jrrgv dw d frpshwlwlyho| ghwhuplqhg pdunhw sulfh/

wkh sulfh zloo uhyhdo wkh djjuhjdwh vwdwh li wkhuh duh qr rwkhu vrxufhv ri sulfh  xfwxdwlrq1

Zh wklqn wkh suhvhqfh ri d vljqdo h{wudfwlrq sureohp zkhq �upv gr qrw ixoo| nqrz wkh

djjuhjdwh vwdwh lv d ghvludeoh dqg uhdvrqdeoh ihdwxuh iru wkh w|sh ri ohduqlqj0edvhg prgho

zh duh h{dplqlqj1 Zkloh wkh prgho lv rqh zlwk d vlqjoh sulfh dqg d vlqjoh vrxufh ri djjuhjdwh

xqfhuwdlqw|/ wkh qrwlrq wkdw �upv idfh d qrqwulyldo �owhulqj sureohp lv frqvlvwhqw zlwk d
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pruh frpsolfdwhg zruog1 Rqh fdq lpdjlqh/ iru lqvwdqfh/ dq hqylurqphqw lq zklfk d �up

idfhv vrph vkrfnv wkdw duh frpprq wr d uhodwlyho| qduurz jurxs +vd|/ lwv lqgxvwu|, dqg

rwkhu vkrfnv wkdw duh frpprq wr d eurdghu jurxs1 Li lqgxvwu|0ohyho vkrfnv d�hfw lqgxvwu|

ghpdqg iru lqsxwv wkdw duh sxufkdvhg lq pdunhwv wkdw furvv lqgxvwu| erxqgdulhv/ wkhq wkh

sulfhv ri wkrvh lqsxwv zloo eh ixqfwlrqv ri pxowlsoh vkrfnv/ vrph ri zklfk duh qrw uhohydqw

wr wkh lqglylgxdo �up*v iruhfdvw ri lwv lqgxvwu|*v ixwxuh vwdwh1 Lq vxfk dq hqylurqphqw/

d �up zrxog idfh dq lqihuhqfh sureohp pxfk olnh wkh �owhulqj sureohp suhvhqwhg deryh

+frpsolfdwhg vrphzkdw e| wkh suhvhqfh ri dgglwlrqdo vkrfnv,1

Rqh zd| wr surfhhg/ wkhq/ zrxog eh wr dgg erwk wkh whfkqrorj| vkrfn 5 dqg dq djjuhjdwh

vkrfn wr wkh vxsso| ri lqyhvwphqw jrrgv +iru lqvwdqfh/ wkurxjk d suhihuhqfh vkrfn, wr wkh

prgho ri wkh suhylrxv vhfwlrq1 Khuh/ zh wdnh wkh lqlwldo vwhs lq wkdw gluhfwlrq e| h{dplqlqj

wkh ehkdylru ri wkh prgho zlwk h{rjhqrxv sulfhv e| h{dplqlqj dq lqgxvwu| htxloleulxp iru

dq lqgxvwu| idflqj d shuihfwo| hodvwlf vxsso| fxuyh +wkdw lv/ iru d vpdoo lqgxvwu|,1 Zkloh wkh

X1V1 pdqxidfwxulqj vhfwru prvw olnho| grhv qrw vdwlvi| wklv frqglwlrq/ zh wklqn wkh uhvxowv

ri wklv h{huflvh duh olnho| wr eh urexvw dorqj wkh nh| glphqvlrq= gl�huhqfhv lq ehkdylru

ehwzhhq odujh dqg vpdoo �upv1

Zkloh wkh irfxv ri wkh Jhuwohu dqg Jlofkulvw*v glvfxvvlrq lv wkh gl�huhqwldo uhvsrqvhv ri

vpdoo dqg odujh �upv wr prqhwdu| vkrfnv/ wkh hylghqfh wkh| h{dplqh dovr vxjjhvwv d pruh

jhqhudo gl�huhqfh lq uhvsrqvhv wr djjuhjdwh vkrfnv1 Wklv gl�huhqfh lv ghprqvwudwhg lq

Iljxuhv 8 dqg 91 Iljxuh 8 looxvwudwhv wkh uhodwlyh jurzwk udwhv ri vdohv ryhu exvlqhvv f|fohv1

Iru wkh prvw sduw/ lw dsshduv wkdw vpdoo �upv ghfolqh vkduso| uhodwlyh wr odujh �upv gxulqj

uhfhvvlrqv1 Iljxuh 9 uhfrq�upv wkh sdwwhuq e| vkrzlqj wkh dyhudjh vdohv jurzwk h{shulhqfh

ri vpdoo dqg odujh pdqxidfwxulqj �upv diwhu wkh rqvhw ri d uhfhvvlrq1 Wkh �qdqfldo iulfwlrqv

lqwhusuhwdwlrq ri wklv gl�huhqfh lv wkdw wkh jurzwk ri vpdoo �upv lv frqvwudlqhg e| wkhlu

olplwhg dffhvv wr h{whuqdo ixqgv1 Wkh olplwdwlrq ehfrphv doo wkh pruh vhyhuh zkhq lqwhuqdo

ixqgv duh vtxhh}hg e| d qhjdwlyh djjuhjdwh vkrfn1 Khqfh/ wkh gl�huhqfh ehwzhhq odujh dqg

vpdoo �upv vkrxog eh pruh surqrxqfhg gxulqj hfrqrplf grzqwxuqv/ d ihdwxuh wkdw Jhuwohu

dqg Jlofkulvw �qg wr eh wuxh lq wkh gdwd1

Iljxuhv : wkurxjk 43 vkrz wkh ehkdylru ri odujh dqg vpdoo �upv lq wkh prgho zlwk

dq djjuhjdwh vkrfn dqg d frqvwdqw lqwhuhvw udwh +htxdo wr 42q,1 Wkh djjuhjdwh vkrfn

iroorzv d wzr0vwdwh Pdunry surfhvv zlwk 5, ' �f�ff./ 5� ' f�ff./ R�� ' R,, ' f�b.D/ dqg

R,� ' R�, ' f�f2D1 Iljxuhv : dqg ; vkrz wkh dyhudjh uhvsrqvhv wr d wudqvlwlrq iurp 5� wr

5,/ zkloh �jxuhv < dqg 43 vkrz wkh dyhudjh uhvsrqvhv wr d wudqvlwlrq iurp 5, wr 5�� Wkh

fodvvl�fdwlrq ri �upv lqwr wkh odujh dqg vpdoo jurxsv lv dfklhyhg e| vhwwlqj d wkuhvkrog
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vl}h vxfk wkdw �upv ehorz wkh wkuhvkrog dffrxqw iru derxw 6; shufhqw ri rxwsxw lq wkh

vwhdg|0vwdwh htxloleulxp1<

Iljxuhv : dqg ; lqglfdwh d juhdwhu uhvsrqvh wr wkh grzqwxuq dprqj vpdoo �upv1 Wkh

gl�huhqfh dfurvv �up vl}hv lv uhodwhg wr wkh gl�huhqfh dfurvv �up djhv1 Wkh uhvsrqvh lq

rxwsxw zrunv wkurxjk wkh uhvsrqvh lq lqyhvwphqw1 Dw wkh uhdol}dwlrq ri 5,+iroorzlqj 5� lq

wkh suhylrxv shulrg,/ �upv h{shulhqfh xqh{shfwhgo| orz +�up0ohyho, rxwsxw1 Wkh �up*v

iruhfdvw huuru lv uhsuhvhqwhg e| 6| �.
�
5| m 5|3� ' 5�

�
� w|3�1 Jlyhq wkh shuvlvwhqfh lq wkh

5 surfhvv/ wklv iruhfdvw huuru lv odujh lq wkh wudqvlwlrq shulrg1 D pdwxuh �up +zlwk vpdoo

j2|3�, dwwulexwhv uhodwlyho| olwwoh ri wkh huuru wr qhzv derxw lwv �up0vshfl�f surgxfwlylw|

dqg/ dffruglqjo|/ pdnhv d uhodwlyho| odujh dgmxvwphqw wr lwv h{shfwdwlrq iru qh{w shulrg*v 51

Wkhuhiruh/ lwv fxuuhqw shulrg lqyhvwphqw idoov ehfdxvh ri dgmxvwhg h{shfwdwlrqv derxw wkh

djjuhjdwh vwdwh1 Rq dyhudjh +dfurvv pdq| uhdol}dwlrqv ri vxfk d wudqvlwlrq,/ 5 uhpdlqv dw 5,

iru d qxpehu ri shulrgv1 Diwhu wkh wudqvlwlrq/ wkhq/ wkh �up zloo eh h{shfwlqj dq lqfuhdvh

lq 5/ vr wkdw lqyhvwphqw ulvhv diwhu wkh wudqvlwlrq shulrg1

Iru d |rxqj �up/ wkh uhvsrqvh wr wkh wudqvlwlrq lq wkh djjuhjdwh vwdwh lv frpsrxqghg

e| wkh idfw wkdw wkh �up dwwulexwhv pruh ri lwv iruhfdvw huuru wr edg qhzv derxw lwv rzq

delolw|1 Zkloh vxfk dwwulexwlrq glplqlvkhv wkh �up*v dgmxvwphqw ri h{shfwdwlrqv derxw wkh

djjuhjdwh vwdwh/ wkh ryhudoo h�hfw lv d juhdwhu uhgxfwlrq lq lqyhvwphqw +vlqfh ohvv ri wkh huuru

lv dovr dwwulexwhg wr wkh sxuh huuru whup 0|,1 Vlqfh wkh vpdoo �up jurxs kdv d juhdwhu vkduh

ri |rxqj �upv wkdq grhv wkh odujh �up jurxs/ wkh vpdoo �up uhvsrqvh zloo orrn pruh olnh

wkh |rxqj �up uhvsrqvh1 Diwhu djjuhjdwh rxwsxw lv revhuyhg/ doo �upv* h{shfwdwlrqv derxw

5 duh wkh vdph/ vr wkhuh lv dq lqyhvwphqw uherxqg iru doo �upv dv wkh| uhdol}h wkdw wkh| duh

dw d orz srlqw lq wkh 5 surfhvv1

Gl�huhqfhv lq wkh djjuhjdwh ehkdylru ri odujh dqg vpdoo �upv duh dovr d�hfwhg e| h{lw

ehkdylru1 Uhfdoo wkdw vpdoo/ |rxqj �upv +zlwk juhdwhu j2|3�, duh pruh lqfolqhg wr vwd| lq

exvlqhvv lq krshv wkdw wkh| zloo uhfhlyh jrrg qhzv derxw wkhlu delolwlhv/ dv frpsduhg wr

vpdoo/ rog �upv1 Wklv gl�huhqfh vkrzv xs lq h{lw wkuhvkrogv wkdw ulvh zlwk djh dqg uh hfwv

wkh rswlrq ydoxh ri vwd|lqj lq exvlqhvv1 Wkh rswlrq ydoxh ydulhv zlwk wkh djjuhjdwh vwdwh1 Lq

sduwlfxodu/ d orz 5 whqgv wr  dwwhq wkh ydoxh ixqfwlrq dw dq| jlyhq +w|3�c j
2
|3�c6|,/ zklfk

vprrwkv rxw wkh qrqfrqyh{lw| lq wkh �up*v ghflvlrq sureohp/ uhgxflqj wkh lpsruwdqfh ri

wkh h{lw rswlrq dqg wkh udwh dw zklfk wkh h{lw wkuhvkrog jurzv zlwk djh1 Wkh uhvxow lv wkdw

uhodwlyh qxpehu ri vpdoo �upv lq wkh srsxodwlrq ri �upv zloo whqg wr eh vpdoohu lq shulrgv

<Wkh fxwr� vl}h iru vpdoo �upv lq Jhuwohu dqg Jlofkulvw +4<<7, lv ghwhuplqhg vr wkdw vpdoo �upv rxwsxw
dffrxqw iru rqh0wklug ri wkh wrwdo rxwsxw1
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ri orz 51

81 Frqfoxglqj Uhpdunv

Wklv sdshu kdv h{dplqhg d prgho ri �up0ohyho g|qdplfv devhqw ri �qdqfldo pdunhw lp0

shuihfwlrqv1 Wkh prgho suhglfwv gl�huhqfhv lq ehkdylru dfurvv vl}h dqg djh fodvvhv wkdw

duh txdolwdwlyho| vlplodu wr revhuyhg furvv0vhfwlrqdo gl�huhqfhv riwhq dwwulexwhg wr �qdqfldo

iulfwlrqv1 Wkhuh lv reylrxvo| rwkhu hpslulfdo hylghqfh wkdw wkh prgho lv qrw htxlsshg wr

dgguhvv/ vxfk dv wkh dv|pphwulhv ri wkh furvv0vhfwlrqdo ehkdylru ryhu exvlqhvv f|fohv1 Lq

rwkhu zrugv/ dgyhuvh djjuhjdwh vkrfnv d�hfw vpdoo �upv pruh wkdq srvlwlyh rqhv gr1 Wklv

dv|pphwu| frxog eh gxh wr wkh qdwxuh ri wkh xqghuo|lqj vkrfnv/ ru wkh suhvhqfh ri wkh

�qdqfldo frqvwudlqwv1

Wklv sdshu frqwulexwhv wr wkh glvfxvvlrq ri wkh lpsruwdqfh ri �qdqfldo idfwruv iru djjuh0

jdwh ehkdylru ri wkh hfrqrp|1 Lw surylghv d prgho wkdw pljkw vhuyh dv d xvhixo ehqfkpdun

djdlqvw zklfk prghov wkdw lqfrusrudwh �qdqfldo iulfwlrqv fdq eh phdvxuhg1 Wkh uhvxowv

fohduo| lqglfdwh wkdw dq| dvvhvvphqw ri wkh djjuhjdwh lpsruwdqfh ri �qdqfldo iulfwlrqv vkrxog

irfxv rq lghqwli|lqj lpsolfdwlrqv ri vxfk iulfwlrqv eh|rqg wkrvh ri d qrq�qdqfldo wkhru| ri

wkh vl}h glvwulexwlrq dqg jurzwk ri �upv1
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Dsshqgl{= Frpsxwdwlrq Surfhgxuh

Zh ghvfuleh �uvw wkh frpsxwdwlrq surfhgxuh iru vroylqj wkh vwdwlrqdu| htxloleulxp dqg

wkhq wkh surfhgxuh xvhg wr frpsxwh wkh htxloleulxp zlwk djjuhjdwh xqfhuwdlqw|1

41 Vroylqj iru wkh vwdwlrqdu| htxloleulxp
Zh xvh d phwkrg ri vxffhvvlyh dssur{lpdwlrq wr vroyh qxphulfdoo| iru wkh vwdwlrqdu|

htxloleulxp iru wklv hfrqrp|1 Wkh lwhudwlyh surfhgxuh frqvlvwv ri vhyhudo vwhsv1 Iurp wkh

�uvw rughu frqglwlrqv ri wkh krxvhkrog sureohp/ zh nqrz wkdw wkh htxloleulxp sulfh iru

fdslwdo/ l1h1 wkh lqwhuhvw udwh/ lv htxdo wr rqh ryhu wkh glvfrxqw udwh1 Jlyhq wkh sulfh/

zh wkhq xvh ydoxh lwhudwlrq wr vroyh wkh ixqfwlrqdo htxdwlrqv gh�qhg lq wkh �up sureohp1

Qh{w/ wkh lqyduldqw glvwulexwlrq fruuhvsrqglqj wr wkhvh ghflvlrq uxohv lv irxqg e| lwhudwlqj

rq htxdwlrq +618,1

Wkh phwkrg xvhg wr vroyh iru wkh ghflvlrq uxohv lqyroyhv glvfuhwl}lqj wkh vwdwh vsdfh

e| fkrrvlqj wkh julgv iru �upv eholhi w dqg wkhlu djh j2� Zh dovr qhhg d julg iru 6/ wkh

vxp ri �upv lqglylgxdo whfkqrorj| w dqg wkh lglrv|qfudwlf vkrfn 0 lq rughu wr ghflgh wkh

vwdwh ri d �up lq wkh qh{w shulrg� Zh vhw wkh xsshu erxqg iru �upv* djh dw �ef txduwhuv/

dw zklfk ohyho wkh yduldqfh lv f�fff�.143 Wkh ghwhuplqdwlrq ri wkh erxqgv iru w dqg 6

lv pruh lqyroyhg1 Zh vwduw e| �qglqj wkh udqjhv ri w dqg 6 iru �upv dw hdfk djh1 Iru

hqwudqwv/ zh fkrrvh dwfc wfo vr wkdw wkh suredelolw| ri jhwwlqj d ydoxh rxwvlgh ri wklv udqjh

lv f�fff�1 Vlploduo|/ zh fkrrvh vxfk d udqjh iru wkh lglrv|qfudwlf vkrfn 0 d0c 0o� Wkhq wkh

udqjh ri 6 iru wkh hqwudqwv lv d6fc6foc zkhuh 6f ' wf n 0 dqg 6f ' wf n 0� Ghqrwh wkh

udqjh ri wkh eholhi w iru �upv dw djh 4 dv dw�c w�o/ zh kdyh w� ' wf n
Ejf�2

Ejf�2n�2
E6f � wf�c dqg

w� ' wfn
Ejf�2

Ejf�2n�2
E6f� wf�� Wkh udqjh ri 6 iru �upv ri djh 4 lv ghqrwhg dv d6�c6�oc zkhuh

6� ' w�n 0/ dqg 6� ' w�n 0� Zh frqwlqxh wklv surfhvv xqwlo zh jhw wkh udqjhv iru �upv ri

djh 4731 Reylrxvo|/ wkh plqlxp ohyho iru w lv w�efc dqg wkh pd{lpxp ohyho iru w lv w�ef( wkh

plqlpxp ohyho iru6 lv6�ef dqg wkh pd{lpxp ohyho iru6 lv6�ef�Zh fkrrvh 2f julg srlqwv

iru erwk w dqg 6� Doo wkh frqwlqxrxv qrupdo glvwulexwlrqv duh vxevwlwxwhg e| wkhlu glvfuhwh

frxqwhusduwv1 Iru h{dpsoh/ li zh xvh ? glvfuhwh srlqwv zlwklq d jlyhq udqjh wr dssur{lpdwh

d qrupdoo| glvwulexwhg yduldeoh % dqg ghqrwh wkh ydoxh ri wkhvh glvfuhwh srlqwv dv %�c %2c ��%?c

43Ilupv* yduldqfhv dw hdfk djh lv ghwhuplqhg dv iroorzv=
+�3,5 @ �

5
h
>

+�4,5 @ +�3,5�5

+�3,5.�5
>

111

+�l.4,5 @ +�l,5�5

+�l,5.�5
>

111

+�473,5 @ +�46<,5�5

+�46<,5.�5
=
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wkhq wkh suredelolw| ri % kdylqj hdfk ydoxh %� zrxog eh �hreE% ' %�� ' RoJKE%�3� � % � %��

+%
3� ' �4 dqg %?n� ' n4��

Wkh rswlpdo ydoxh ixqfwlrqv dqg ghflvlrq uxohv iru wklv �qlwh vwdwh glvfrxqwhg g|qdplf

surjudpplqj sureohp duh rewdlqhg e| vxffhvvlyh dssur{lpdwlrqv1 Wklv dssurdfk lqyroyhv

vwduwlqj zlwk lqlwldo dssur{lpdwlrqv iru wkh ydoxh ixqfwlrqv dqg xvlqj wkhp wr rewdlq d

vxevhtxhqw dssur{lpdwlrq e| frpsxwlqj wkh uljkw vlgh ri wkh �up ydoxh ixqfwlrq1 Wklv

surfhvv frqwlqxhv xqwlo wkh vhtxhqfh ri ydoxh ixqfwlrqv vr rewdlqhg frqyhujhv1

Jlyhq wkh vwdwh wudqvlwlrq ixqfwlrq lpsolhg e| wkh htxloleulxp ghflvlrq uxohv lv hujrglf/

wkhuh h{lvwv d xqltxh lqyduldqw glvwulexwlrq1 Wr frpsxwh wkh lqyduldqw glvwulexwlrq/ zh

ehjlq zlwk dq lqlwldo dssur{lpdwlrq dqg hydoxdwh htxdwlrq +618, xvlqj ghflvlrq uxohv zh

rewdlqhg1 Qrwh wkdw wklv rqo| jlyhv xv wkh phdvxuh ri �upv djhg 4 wr 4731 Wkh phdvxuh ri

hqwudqwv lv 4 vxewudfwhg e| wkh wrwdo phdvxuh ri �upv djhg 4 dqg 473/ dqg wkhlu glvwulexwlrq

lq wkh vwdwh vsdfh lv ghwhuplqhg e| wkhlu lqlwldo eholhyhv1 Wkh uhvxow lv xvhg dv wkh qh{w

fdqglgdwh/ dqg wkh surfhvv lv uhshdwhg xqwlo vxffhvvlyh dssur{lpdwlrqv duh vx!flhqwo| forvh1

Dw wklv srlqw d vwhdg|0vwdwh htxloleulxp lv frpsxwhg1

51 Vroylqj iru wkh htxloleulxp zlwk djjuhjdwh xqfhuwdlqw|

Zh rqo| vroyh iru d sduwldo htxloleulxp zlwk djjuhjdwh xqfhuwdlqw|/ l1h1/ zh vhw wkh

htxloleulxp lqwhuhvw udwh wr eh wkh vwhdg|0vwdwh lqwhuhvw udwh1

Wkh pdlq gl�huhqfh ehwzhhq wklv hqylurqphqw dqg rqh zlwkrxw djjuhjdwh xqfhuwdlqw|

lv wkdw erwk 5c wkh djjuhjdwh vkrfn/ dqg 6/ wkh vxp ri wkh lqglylgxdo whfkqrorj|/ wkh

lglrv|qfudwlf vkrfn/ dqg wkh djjuhjdwh vkrfn/ duh qrz sduw ri wkh vwdwh yduldeohv1 Dv vwdwhg

lq wkh pdlq wh{w/ iru frpsxwdwlrqdo vlpsolflw| wkh djjuhjdwh vkrfn 5 lv dvvxphg wr wdnh

rqo| wzr ydoxhv1 Wkh julg srlqw iru yduldqfh lv fkrvhq h{dfwo| dv lq rxu frpsxwdwlrq ri

wkh vwdwlrqdu| htxloleulxp1 Wkh ghwhuplqdwlrq iru wkh udqjh ri w dqg 6 lv dovr vlplodu

wr wkh rqh xvhg zkhq vroylqj wkh vwdwlrqdu| htxloleulxp/ h{fhsw wkdw 6� ' w
�
n 0 n 5,c

6� ' w� n 0 n 5� dqg w
�n� ' w

�
n Ej��2

Ej��2n�2
E6

�
� w

�
� 5��c w�n� ' w� n

Ej��2

Ej��2n�2
E6� � w� � 5,��

Djdlq wkh plqlpxp ohyho ri w lv w�ef dqg wkh pd{lpxp ohyho ri w lv w�ef( wkh plqlpxp ohyho

ri 6 lv 6�ef dqg wkh pd{lpxp ohyho ri 6 lv 6�ef� Dovr zh dssur{lpdwh doo wkh frqwlqxrxv

glvwulexwlrqv zlwk wkhlu glvfuhwh frxqwhusduwv1

H{fhsw iru wkh fdofxodwlrqv ri wkh shulrg sur�w ixqfwlrq/ wkh rswlpdo ydoxh ixqfwlrqv

duh vroyhg h{dfwo| dv wkrvh lq wkh vwdwlrqdu| htxloleulxp1

Wr frpsxwh rxu lpsxovh uhvsrqvhv/ zh vlpxodwh wkh prgho dffruglqj wr wkh rswlpdo

ghflvlrq uxohv rewdlqhg iru d vx!flhqwo| orqj shulrg/ 5333 shulrgv dv lq rxu h{shulphqw/
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vwduwlqj zlwk dq duelwudu| glvwulexwlrq1 Gxulqj wkh vlpxodwlrq/ dw hdfk wlph shulrg |/ zh

qhhg wr nhhs wudfn ri wkh djjuhjdwh vkrfn wkdw lv nqrzq wr wkh �upv 5|3� dqg wkh rqh 5|/

zklfk lv qrw |hw nqrzq wr wkh lqglylgxdo �up/ dffruglqj wr zklfk wkh rxwsxw ri hdfk �up lv

uhdol}hg1 Wkh wudqvlwlrq ri d �up iurp rqh vwdwh wr dqrwkhu ryhu wlph lv vlplodu wr wkdw lq wkh

deryh vhfwlrq1 Zh wkhq vlpxodwh wkh prgho iru dqrwkhu 5333 shulrgv/ vhwwlqj wkh vhtxhqfh

ri wkh djjuhjdwh vkrfn wr eh d vhulhv ri orz ydoxhv +ru kljk ydoxhv, zlwk d kljk +orz, ydoxh

hyhu| 53 shulrgv +ghshqglqj rq krz orqj zh zdqw wkh vhtxhqfh,1 Zh glvfdug wkh �uvw 5333

vlpxodwlrqv/ wkhq frpsxwh wkh dyhudjh uhvsrqvh ri wkh v|vwhp lq zklfk wkh djjuhjdwh vkrfn

wudqvlwhg iurp lwv orz ydoxh wr lwv kljk ydoxh dfurvv doo lqvwdqfhv lq rxu vlpxodwlrq/ ru ylfh

yhuvd1 Wkhvh dyhudjh uhvsrqvhv duh dqdorjrxv wr lpsxovh uhvsrqvh ixqfwlrqv1
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