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Introduction

Unemployed individuals face a trade-oﬀ between search eﬀort and leisure. Since eﬀort is
unobservable, the design of unemployment protection programs must balance insurance and
incentives. This moral hazard problem has been the object of study since the pioneering
work of Shavell and Weiss (1979). In this literature, they assume that employment status
is observable and hence individuals cannot defraud the system by working and asking for
unemployment payments. But what if there is a shadow economy that allows unemployed
individuals to secretly work and, simultaneously, ask for unemployment payments? This
paper explores the implications of a hidden labor market in the design of optimal unemployment insurance (UI). There are at least three facts suggesting that incorporating a hidden
labor market in the study of optimal unemployment insurance might be important:1
• The hidden labor market or the shadow economy is important in many countries,
accounting for 13-30 percent of GDP in industrialized economies to 39-76 percent for
African countries (Schneider and Enste, 2000).
• In economies with a sizeable shadow economy, unemployment is a likely event. On
average, unemployment rates range from an average of 6.8 in industrialized economies
to 11.6 for African countries (ILO, 2004).
• While coverage, replacement rate, and beneﬁt duration are diﬀerent across countries, most protect the individuals against unemployment risk.2 Replacement rates
are around 45-75 percent over 1-2 years (Vodopivec and Raju, 2002).
1

The informal sector is interpreted as a hidden labor market in which the individual can always ﬁnd a
job but his productivity is lower than in the formal sector.
2
Also, the number of countries providing unemployment insurance programs increased from 21 in 1940
to 68 in 1997 (based on Social Security Programs Throughout the World, Social Security Administration,
U.S., 1997).
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Incorporating a hidden labor market modiﬁes the standard unemployment insurance
problem in three dimensions. First, it imposes an endogenous lower bound for the lifetime
utility that a contract can deliver. Second, it breaks the identity between unemployment
payments and consumption, since unemployed individuals may also obtain resources by
working in the informal sector. And third, when more participation in the hidden labor
market increases the cost of search eﬀort, the presence of a hidden labor market makes it
harder to encourage the job search eﬀort.
Important insights can be obtained in a simple case in which more participation in the
hidden labor market does not increase the cost of search eﬀort (linear eﬀort-cost function).
Initially, consumption is strictly decreasing during unemployment and individuals do not
participate in the hidden labor market. A decreasing path of payments provides incentives
for a search eﬀort because unemployed individuals search harder in order to increase expected
future income. Since payments are high enough, obtaining extra resources from the hidden
labor market is not worth the eﬀort. Together with the drop in payments, there is also a
reduction in the continuation utility the contract promises to deliver. For suﬃciently large
unemployment spells, those promised utilities eventually reach a critical point–the lower
bound. At that moment alone, the optimal contract prescribes positive participation in the
hidden labor market along with zero unemployment payments. With the jump in participation, the individual smooths out the abrupt decline in payment and hence the consumption
path remains smooth. For the more general case, in which more participation in the hidden
labor market increases the cost of search eﬀort (non-linear eﬀort-cost function), the numerical solution of the problem is used to characterize the optimal contract. In particular, the
model is calibrated to match some moments from the Spanish economy. In this framework,
a new intermediate phase arises as a consequence of the eﬀect of participation in the hidden
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labor market on the cost of search eﬀort. In this phase, the unemployment payment proﬁle is
ﬂattened. To the best of our knowledge, this is the ﬁrst paper justifying a ﬂattened payment
proﬁle with a subsequent abrupt decline. The comparison with alternative environments
sheds light on the causes of the ﬂattening and the abrupt decline. The existence of an alternative source of income during unemployment is responsible for the optimality of eliminating
unemployment payments for a suﬃciently long unemployment spell. Otherwise, long unemployment spells are not serious threats that encourage search eﬀort. The non-observability
of the participation in this alternative labor market is responsible for the ﬂattening in the
payment schedule. With a steeper proﬁle of payments, unemployed individuals would prefer
to deviate from the contract and participate in the hidden labor market.
Unemployment insurance systems have been studied from two diﬀerent perspectives. One
approach uses quantitative general equilibrium models to study the inﬂuence of unemployment insurance systems on macroeconomic variables and welfare (Hansen and Imrohoroglu,
1992; Wang and Williamson, 1996). The other approach, followed in this paper, uses contract
theory in a partial equilibrium environment to study the optimal design of unemployment
insurance. In a repeated moral hazard framework, early contributions ﬁnd that payments
must decrease over the unemployment spell in order to encourage search eﬀort (Shavell and
Weiss, 1979; Hopenhayn and Nicolini, 1997). A controversial result from this early literature
is that the optimal contract leads unemployed individuals toward “immiserization”.3 To
prevent this result, Pavoni (2007) imposes an arbitrary lower bound for the promised utility
and characterizes the resulting optimal unemployment insurance.4 Our work is related to
3

More precisely, if the individuals’ utility function is unbounded below, then eﬃciency requires that the
individuals’ expected discounted utility falls, with positive probability, below any arbitrary negative level
(Pavoni, 2007). In this environment, it means that if an individual is unemployed for a long enough time,
utility would fall below any bound.
4
There are several related environments where “immiserization” does not hold. For instance, see Wang
(1995) and Phelan (1995).
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this idea because lifetime utility cannot fall below a lower bound. However, our paper diﬀers
from Pavoni (2007) in crucial ways. It justiﬁes the existence of a lower bound in lifetime
utility by including a hidden labor market where individuals can guarantee themselves a
minimum consumption. This is important because the lower bound here is connected to
the structure of the economy. More importantly, the dynamics of unemployment payments
is substantially modiﬁed by the presence of a hidden labor market, even before the lower
bound for promised utility is reached.
The policy implications of a hidden labor market have been studied in diﬀerent environments and with diﬀerent goals. Among others, labor regulations, wage controls, migration
policies, and taxation are analyzed in frameworks with hidden labor markets by Banerjee
(1983), Fortin, Marceau, and Savard (1997), and Johnson, Kaufmann, and Zoido-Lobaton
(1998). Surprisingly, there is no paper in this strand of literature considering the optimal
design of unemployment insurance. In that sense, the closest study is Hopenhayn and Nicolini (2005). They focus on individuals’ incentives to accept bad jobs when layoﬀs and quits
are undistinguishable. In particular, their interest is about individuals accepting and then
quitting those jobs just to upgrade their unemployment insurance beneﬁts. Instead, this paper studies the possibility that those jobs are non-observable, which implies that individuals
could accept them and, simultaneously, ask for unemployment payments.
Section 2 introduces the model. Section 3 characterizes, qualitatively, the optimal unemployment insurance with a hidden labor market. Section 4 studies the quantitative implications of the model calibrated to Spain. Section 5 concludes. All the formal results are
explained in the main text, but the complete proofs are delegated to the Online Appendix.
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2

Model

2.1

Environment

The economy is populated by a continuum of inﬁnitely lived risk averse individuals. At each
period, an individual’s labor status is denoted by mt . The variable mt ∈ {u, e}, where u
stands for unemployment and e for employment. The employment history of an individual
up to time t is represented by ht = (m0 , ..., mt ).
In contrast to previous studies, this environment includes a secondary or hidden labor
market (also referred to as informal sector or shadow economy) in which individuals obtain
a wage, , for unit of eﬀort, s. Hereafter, s will be referred to as participation in the hidden
labor market.
Individuals employed in the formal sector, employed individuals, exert a constant work
eﬀort o, have productivity ω, and receive (after tax) wages w. Employment relationships end
exogenously with probability δ. By assumption, participation in the hidden labor market
during employment and on-the-job search are ruled out. Additionally, productivity in the
hidden labor market is lower than in the formal sector,  < ω.
Unemployed individuals search for a job and can, simultaneously, participate in the hidden labor market. When exerting search eﬀort a, they ﬁnd a job next period with probability
p(a). The total eﬀort while unemployed, x, is restricted to lie in the compact set [0, ϑ], where
ϑ is an arbitrary constant. The function p is strictly increasing, strictly concave, twice differentiable and satisﬁes standard Inada conditions.
The instantaneous felicity function is separable in consumption and total eﬀort
u(c) − v(x),

(1)

where c is the individual’s consumption. The function u reﬂects the utility from consump6

tion. It is strictly increasing and bounded above by u. It is also strictly concave, twice
diﬀerentiable, and satisﬁes Inada conditions. Similarly, the function v measures the cost of
eﬀort exerted either searching for a job, participating in the hidden labor market or working
in the formal sector. This function is convex, strictly increasing, twice diﬀerentiable, and
satisﬁes v(0) = 0. Notice that total eﬀort, x, equals o if the individual is employed and s + a
otherwise. Finally, individuals can neither save nor borrow and they discount future utility
with the factor β ∈ (0, 1).
There is also a risk-neutral planner who provides unemployment insurance and aﬀects
individuals’ earnings by levying after-reemployment taxes. The planner cannot observe either
hidden labor market participation, s, or job search eﬀort, a. The planner can borrow and
save at a constant interest rate r = 1/β − 1.

2.2

Sequential formulation

The planner chooses unemployment payments, after reemployment wages, search eﬀort, and
hidden labor market participation. The collection of those decisions for each possible history
node constitutes a contract.
Deﬁnition 1 A contract or unemployment insurance system, W, is a collection of
functions specifying unemployment payments, b, wages after reemployment, w, search eﬀort,
a, and hidden labor market participation, s, for each possible history, ht , at each period; i.e.,
W = {bt (ht ), wt (ht ), at (ht ), st (ht ), ∀ht , t}.
Notice that a contract can be divided into two components: those representing the planner’s direct instruments, I = {bt (ht ), wt (ht ), ∀ht , t}, and those representing the planner’s
prescriptions for non-observable individuals’ actions, P = {at (ht ), st (ht ), ∀ht , t}. Then, a
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contract is feasible if it provides non-negative consumption and eﬀort is smaller than the
upper bound; i.e., W is feasible if (P, I) ∈ A × T, where
A = {P : for each ht and each t, (at (ht ), st (ht )) ∈ [0, ϑ]2 , at (ht ) + st (ht ) ≤ ϑ
if mt = u, and at (ht ) = st (ht ) = 0 if mt = e},

T = {I : bt (ht ) ≥ 0 for each ht , with equality if mt = e, and
wt (ht ) ≥ 0 with equality if mt = u}.

(2)

Thus, each contract prescribes sequences for consumption, c, total eﬀort, x, and one-period
planner’s payoﬀs, y, for each employment state. This can be described with the notation
introduced up to here as follows.


bt (ht ) + st (ht )
wt (ht )

at (ht ) + st (ht )
xt (ht ) =
o

−bt (ht )
yt (ht ) =
ω − wt (ht )
ct (ht ) =

if mt = u
if mt = e
if mt = u
if mt = e

(3)

if mt = u
if mt = e.

The lifetime utility that an individual obtains from a contract W, from a particular
history ht on, is referred to as Ut (W; ht ). Likewise, Vt (W; ht ) represents the proﬁts that the
planner obtains from this pair (W; ht ). Formally, these values are deﬁned by
∞


Ut (W; ht ) ≡ Et
β n−t (u(cn (hn )) − v(xn (hn )))|W, ht ,

(4)

n=t

and
Vt (W; ht ) ≡ Et

∞



β n−t yn (hn )|W, ht .

n=t
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(5)

Since search eﬀort and hidden labor market participation are not observable, the unemployment insurance scheme has to be incentive compatible. This means that the levels
of search eﬀort and hidden labor market participation prescribed by the contract must be
consistent with the individuals’ choices. The next deﬁnition states this formally.
Deﬁnition 2 A contract W = (P, I) is incentive compatible if for each history and each
 providing a higher lifetime utility for the
period, there is not an alternative feasible action P
individual than the one induced by the contract; i.e., for each ht and t,
 I); ht ) for each P
 ∈ A.
Ut ((P, I); ht ) ≥ Ut ((P,

(6)

In an unemployment insurance model without hidden labor markets, Pavoni (2007) shows
that the optimal feasible and incentive compatible contract “implies a weaker form of what
is known as the “immiserization” result: if the individuals’ utility function is unbounded
below, then eﬃciency requires that individuals’ expected discounted utility falls, with positive
probability, below any arbitrary negative level.”5 In the environment presented in this paper,
it is clear that the planner cannot punish the individual with promised utility below the
critical value U , where
U≡

u(s∗ ) − v(s∗ )
,
1−β

(7)

and s∗ solves
u (s∗ ) = v  (s∗ ).

(8)

The lifetime utility U , referred to as the lower bound for promised utility hereafter, is the
value that an individual attains with no job search and zero unemployment payments at
any period and with participation in the hidden labor market chosen optimally. Lemma 1
formally states this result.
5

See proposition 3 in Pavoni (2007). Green (1987) and Thomas and Worral (1990) in repeated unobservable endowments economies prove a similar but stronger result.
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Lemma 1 (No “immiserization”) In the optimal contract there is not “immiserization.”
In particular, the promised utilities provided by the constrained eﬃcient contract W ∗ are
bounded below by U.
The proof of this result is very intuitive: the hidden labor market provides a protection
for the individuals that prevents “immiserization.” Whenever the planner pretends to deliver
a promised utility below U , the individual deviates and obtains at least U.6
A direct implication of the last result is that the planner’s problem (formally stated later)
is not well deﬁned for lifetime utilities smaller than the lower bound, U < U , because the set
of incentive compatible contracts is empty. Similarly, it is useful to recall that u is bounded
above u. As a consequence, the lifetime utilities the contract can deliver are bounded above
by U ≡

u
.
1−β

Thus, the set of lifetime utilities that can be delivered by the contract can be

characterized.
Lemma 2 Deﬁne C(U; h0 ) as the set of incentive compatible contracts providing promised
utility greater than or equal to U given initial state h0 ; i.e.,
C(U; h0 ) ≡ {W : U0 ((P, I); h0 ) ≥ U}.

(9)

Then, for any U > U ≥ U, the set C(U; h0 ) is not empty.
To show that the set of feasible and incentive-compatible contracts is not empty for a given
promised utility, it is enough to ﬁnd one contract satisfying those conditions. This contract
is actually simple. It provides the same one-period utility across time and histories, zero
search eﬀort, the optimal participation in the hidden labor market (given the rest of the
6

Notice that the assumption that payments are non-negative is crucial to prevent “immiserization” in our
environment. Negative unemployment payments could be understood in this environment as taxes to the
hidden labor market activity. This possibility is ruled out because this kind of taxes are not used in actual
economies.
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contract), and the level of payments and wages that deliver the promised utility. Thus, the
set of promised utilities that the contract can deliver is deﬁned by
Pu = Pe = P ≡ {U ∈ R : U > U ≥ U}.

(10)

Now, the sequential problem can be stated. The proﬁts from a contract that provides
lifetime utility U to an individual whose initial labor status equals m0 are
V m0 (U) = max V0 (W; h0 )
W∈F

(11)

s.t
W ∈ C(U, m0 ),

(12)

U0 (W; h0 ) ≥ U,

(13)

Ut (W; ht ) ∈ P, ∀ht , t.

(14)

The constraint (12) guarantees that the individual does not want to choose diﬀerent search
eﬀort and participation in the hidden labor market than those prescribed by the contract.
The constraint (13) guarantees that the individual’s lifetime utility is higher or equal to
U. The solution to the problem (11)-(14) is called constrained eﬃcient contract or optimal
unemployment insurance scheme. Hereafter, this contract is studied using the recursive
representation of this problem.

2.3

Recursive representation

Because of its dependence on history, the problem (11)-(14) is not tractable for quantitative
purposes. Fortunately, following the lines of Spear and Srivastava (1987) and Abreu, Pearce,
and Stacchetti (1990), the problem has a recursive representation in which the history is
completely encoded in two single variables, namely, promised utility and labor status. As
11

implied by lemma 1 and 2, the planner’s problem is well deﬁned if and only if promised
utility is not smaller than U. Therefore, the recursive representation must explicitly impose
that promised utility belongs to P. Before presenting the recursive planner’s problem, the
deﬁnition of a recursive contract is formally stated.
Deﬁnition 3 A recursive contract, or unemployment insurance system, W R , is a
collection of functions specifying unemployment payments, b, wages after reemployment, w,
search eﬀort, a, hidden labor market participation, s, and promised utility in any next period
state m, U m , for each U in P; i.e., W R = {b(U), w(U), a(U), s(U), U u (U), U e (U)}.
A recursive contract can also be divided into a planner’s prescriptions for individuals’
actions, P R = {a(U), s(U)}, and direct instruments, I R = {b(U), w(U), U u (U), U e (U)}. Let
E be the set of one-period feasible actions and M the set of one-period best response of
individuals, taking as given unemployment payments and promised utility; i.e.,
E ≡ {(a, s) : (a, s) ∈ [0, ϑ]2 },
M(b, U e , U u ) ≡ {argmax(a,s)∈E u(b + s) − v(a + s) + β[p(a)U e + (1 − p(a))U u ]}.
Then, the planner’s problem is represented by the following functional equations system:
V u (U) =

max

b,a,s,U u ,U e

−b + β[p(a)V e (U e ) + (1 − p(a))V u (U u )],

(15)

s.t.
u(b + s) − v(s + a) + β[p(a)U e + (1 − p(a))U u ] − U = 0,

(16)

(a, s) ∈ M(b, U e , U u ),

(17)

(U u , U e ) ∈ P2 ,

(18)
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where
V e (U) = max

Ũ u ,Ũ e ,w

ω − w + β[δV u (Ũ u ) + (1 − δ)V e (Ũ e )]

s.t.
u(w) − v(o) + β[(1 − δ)Ũ e + δ Ũ u ] − U = 0,
(Ũ u , Ũ e ) ∈ P2 .

Equation (16) is the promise-keeping constraint in recursive form, and (17) is the incentivecompatibility constraint. Finally, (18) restricts promised utilities to the set P. This constraint is referred to as the feasibility of promised utility constraint hereafter.
The inconvenience with the previous representation is that constraint (17) is a complicated object that makes the problem non-tractable. A common strategy is the so-called ﬁrst
order condition approach. To describe this strategy, consider an unemployed individual who
takes as given (b, U u , U e ) and chooses (a, s) ∈ E to maximize utility.7 For such a problem
the ﬁrst order conditions are:
βp (a)[U e − U u ] − v  (s + a) = 0,

(19)

−u (b + s) + v  (s + a) ≥ 0.

(20)

Deﬁne Mf oc as the set of all (a, s) ∈ E such that equations (19)-(20) are satisﬁed. The ﬁrst
order condition approach basically replaces constraint (17) in the recursive problem (15)-(18)
by the condition that (a, s) ∈ Mf oc .8
7

Under the assumption that p satisﬁes Inada conditions and provided that in equilibrium U e > U u , the
non-negativity constraint for a is never binding. Likewise, ϑ can be set big enough to avoid a+ s = ϑ. Hence,
the only relevant non-negativity constraint is the one for participation in the hidden labor market.
8
Since M ⊆ Mf oc , the solution to the problem using the ﬁrst order condition approach may diﬀer from the
solution to the original problem. A recent example is provided in Kocherlakota (2004). In our environment,
given (b, U u , U e ), the individual’s problem is convex. This implies that the ﬁrst order conditions are both
necessary and suﬃcient and, hence, the ﬁrst order approach is valid.
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Using the ﬁrst order condition approach, the recursive planner’s problem is
V u (U) =

max

b,a,s,U u ,U e

−b + β[p(a)V e (U e ) + (1 − p(a))V u (U u )],

(21)

s.t.
u(b + s) − v(s + a) + β[p(a)U e + (1 − p(a))U u ] − U = 0,

(22)

βp (a)[U e − U u ] − v  (s + a) = 0,

(23)

− u(b + s) + v  (s + a) ≥ 0,

(24)

(U e , U u ) ∈ P2 ,

(25)

s ≥ 0,

(26)

where
V e (U) = max

Ũ u ,Ũ e ,w

ω − w + β[δV u (Ũ u ) + (1 − δ)V e (Ũ e )]

s.t.
u(w) − v(o) + β[(1 − δ)Ũ e + δ Ũ u ] − U = 0,
(Ũ u , Ũ e ) ∈ P2 .
This problem is used hereafter to characterize the optimal unemployment insurance with a
hidden labor market.9
9

Notice that there is no moral hazard during employment. This implies that promised utility remains
constant during employment; i.e., Ũ e = U . To see this, notice that the ﬁrst order condition with respect to
Ũ e together with the envelope condition yield
V e (Ũ e ) = V e (U ),
which implies Ũ e = U provided concavity of V e . The functions V u and V e turn out to be strictly concave
in all the numerical exercises.
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2.4

Optimal UI with observable eﬀort

As a benchmark, it is useful to characterize the optimal contract when search eﬀort and
participation in the hidden labor market are both observable. The problem is the same as
in (21) but now there is no need to introduce the lower bound in promised utilities and
constraints (23) and (24).
Let λ be the multiplier associated with constraint (22). Then, the ﬁrst order conditions
with respect to b and U u are
(b :)

1
u (c)

= λ,

(27)



(U u :) λ + V u (U u ) = 0,

(28)

The envelope condition implies






V u (U) = −λ =⇒ V u (U u ) = −λ .

(29)

Thus, combining (46),(47) and (29),
1
u (c)

−

1
u (c )



= 0 =⇒ c = c .

(30)

That is, the ﬁrst-best allocation implies a constant stream of consumption during unemployment.10 The intuition is clear that with perfect information regarding individuals actions,
there is no need to introduce incentive through consumption dispersion. Thus, the prescribed
actions are implemented under full insurance.
Importantly, the ﬁrst-best allocation is not incentive compatible under hidden eﬀort.
This is clear looking at the ﬁrst order condition with respect to search eﬀort,
βp (a)[V e (U e ) − V u (U u )]λ−1 + βp (a)(U e − U u ) = v  (a + s) .

 



marginal “external” beneﬁt of a

10

mg. “internal” beneﬁt of a

(31)

mg. cost of a

Using a similar argument, it can be shown that there is also constant consumption across labor status.
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The ﬁrst term of this expression basically states that the planner takes into account how
search eﬀort increases the probability of obtaining resources from the individual. With unobservable eﬀort, the individual only considers the last two terms; i.e., equates the marginal
internal beneﬁt of search eﬀort with its marginal cost.
Somehow surprisingly, if the planner has control over search eﬀort but not over participation, observability regarding participation in the hidden labor market becomes immaterial.
The reason is that once search eﬀort is guaranteed at the social optimum level, the planner
and individual’s positions regarding the optimal level of participation in the hidden labor
market are aligned. This property is formally stated in lemma 3.
Lemma 3 If search eﬀort is observable, the ﬁrst-best allocation is achievable even if the
planner cannot observe participation in the hidden labor market.
Notice that Lemma 3 does not imply that the constraint (24) can be discarded when
solving the problem with asymmetric information. When search eﬀort is not observable, the
cost and the beneﬁt of an additional unit of participation in the hidden labor market are
valued diﬀerently by the planner and by the individual. In particular, the planner internalizes
the marginal eﬀect of a unit of hidden labor market participation in the cost of providing
incentives to make compatible the desired search eﬀort. Because this result emerges from
the non-separability between search eﬀort and hidden labor market participation, with a
linear eﬀort-cost function, the constraint (24) can be discarded when solving the problem
with asymmetric information.
Lemma 4 If v is linear, the problem (21) can be solved without considering (24).
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2.5

Optimal UI with unobservable eﬀort

Suppose the planner does not observe either search eﬀort or hidden labor market participation. Let μ1 be the multiplier associated with (23), μ2 the multiplier associated with (24)
and φ the one associated with (26). As before, let λ be the multiplier associated with (22).
Finally, let ξ u and ξ e be the multipliers associated with constraints (25) for U u and U e ,
respectively.
The ﬁrst order conditions for the planner’s problem are
(s :) λ[u (b + s) − v  (s + a)] − μ1 v  (s + a) =

(32)

μ2 [u (b + s) 2 − v  (s + a)] + φ,
1
u (c)
1
+
μ
= 
− μ2 ρa (c),
2


u (c)
u (c)
u (c)
ξu
p (a)

= μ1
,
(U u :) λ + V u (U u ) +
β(1 − p(a))
1 − p(a)
p (a)
ξe

= −μ1
,
(U e :) λ + V e (U e ) +
βp(a)
p(a)

(33)

(b :) λ =

(34)
(35)

(a :) p (a)[V e (U e ) − V u (U u )]+
μ1 [βp (a)(U e − U u ) − v  (s + a)] + μ2 v  (s + a) = 0,

(36)

where ρa represents the coeﬃcient of absolute risk aversion. These conditions together
with complementary slackness and the corresponding constraints completely characterize the
contract solving (21). Using the envelope condition and equations (33)-(34), the following
expression can be obtained:
from bound on U



u


ξ
1
p (a)
1
= 
− μ1
+ [μ2ρa (c ) − μ2 ρa (c)] +
.
u (c )
u (c)
1 − p(a)
β(1 − p(a))






from eﬀect of s on cost of a

(37)

new terms

standard in UI models

This equation governs the proﬁle of consumption during unemployment. The hidden labor
market adds two terms to this equation. The ﬁrst term arises because of the eﬀect of
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participation in the hidden labor market on the cost of search eﬀort.11 Thus, this term
disappears in the case of linear eﬀort-cost function (the multipliers μ2 and μ2 are zero).
Similarly, this term is irrelevant as far as the constraint for participation in the hidden
labor market is not binding. As will be seen, it will happen during the ﬁrst months of
unemployment. The second term arises because of the bound on the lifetime utility that the
system can deliver. Thus, it will be important only for long-term unemployed individuals.

3

Qualitative analysis

In this section the cost of eﬀort is deﬁned by
v(x) = αx.

(38)

With this additional assumption, the contract can be characterized analytically.12
When the cost of eﬀort is deﬁned as in (38), the dynamic of consumption is characterized
by a decreasing path, until a period when it becomes ﬂat. This result is formalized in a set
of lemmas.
Lemma 5 The following results hold during unemployment:
1. When the constraint for promised utility if unemployed (25) does not bind—i.e., U u >
U —the consumption path is strictly decreasing.
11

Notice that the term  in (37) is a function of the absolute coeﬃcient of risk aversion. A similar result
is found in an environment with moral hazard and hidden savings. See Abraham and Pavoni (2005).
12
Some results also hold under a more general speciﬁcation of v. In particular, consider v(a, s) = g(a)+q(s)
with g  (a) > 0 and q  (s) > 0. In this case, (i) the sequence of consumption during unemployment is still
decreasing and bounded below, (ii) the lower bound for promised utility is eventually reached, and (iii) when
the lower bound is reached, the contract prescribes zero payments and the lower bound for consumption.
However, in this case, participation in the hidden labor market does not occur only when the lower bound
for promised utility is reached. Notice that Lemma 4 also holds under this speciﬁcation of v.
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2. The sequence of consumption is bounded below by
c ≡ u−1 (α/).
This consumption level is achieved whenever unemployed individuals participate in the
hidden labor market.
3. For a suﬃciently large unemployment spell, the lower bound for promised utility is
reached; i.e., there exist a period t∗ such Utu∗ = U.
If v is linear and U u > U, unemployment payments, consumption and promised utility
decrease during the unemployment spell. Thus, the system provides dynamic incentives as
in Hopenhayn and Nicolini (1997). Consumption is bounded from below by c because the
agent will obtain this level by participating in the hidden labor market if less than that is
prescribed. In fact, linearity in the eﬀort cost function implies that the marginal cost of
participation is constant. Thus, every time that the individual participates in the hidden
labor market, the marginal beneﬁt must be constant, too. Therefore, consumption must be
c when participation is positive. Finally, it must be the case that the constraint associated
with the lower bound for promised utility eventually binds; otherwise, the contract would
prescribe “immiserization” and the lower bound for promised utility would be violated.
Under concavity of the value function, consumption and promised utility can be characterized at the lower bound for promised utility.13
Lemma 6 If V u is concave:
13

Stating these results conditional on the concavity of the value function and verifying that it is in fact
concave in the quantitative results is the same strategy followed by Hopenhayn and Nicolini (1997). As
they stated, the restrictions in the contractual problem are non-linear and in general deﬁne a set that is
non-convex. As a result of the non-convexity of the choice set, it is hard to provide conditions under which
the value function solving the contractual problem is concave.
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1. The lower bound for promised utility is a ﬁxed point of the function U u ; i.e., U u (U ) =
U.
2. At the lower bound for promised utility, the optimal contract prescribes the consumption’s lower bound; i.e., c(U ) ≡ c = c.
Once the lower bound for promised utility is reached, the individual can no longer be
punished through further reduction in continuation values. Henceforth, the continuation
value remains at its lower bound. The cheapest way to deliver U is by a constant stream of
consumption equal to c. Together, these results imply that initially, if U > U , consumption
decreases over the unemployment spell until the lower bound for promised utility is reached.
From that period on, consumption remains constant at its lower bound.
Importantly, with a hidden labor market, consumption does not necessarily equal unemployment payments. Hence, the characterization of consumption is not enough to identify
the optimal path for unemployment payments. The dynamics of unemployment payments
are characterized in the following proposition.
Proposition 1 Suppose V u is concave. Then, unemployment insurance payments decrease
until the lower bound for promised utility is reached; after that moment they become zero;
i.e, bt+1 < bt when the constraint (25) does not bind; if constraint (25) binds, bt+1 = 0.
To see that payments initially decrease, remember that in the equation governing the
proﬁle of consumption during unemployment, (37), the ﬁrst extra term disappears in the
case of linear eﬀort-cost function. Additionally, the other extra term also vanishes because
the bound on promised utility is not binding. Then, this initial phase resembles Hopenhayn
and Nicolini (1997), so unemployment payments are decreasing. Once the lower bound for
promised utility is reached, the payments are zero because this is the cheapest way to provide
20

that level of lifetime utility (remember that taxes on unemployed individuals are not allowed).
Notice that Proposition 1 implies that the optimal contract eventually prescribes an abrupt
decline in payments. Despite this sudden drop in payments, consumption remains smooth
as the worker compensates the decrease in the payments with income from the hidden labor
market.
Corollary 1 Participation in the hidden labor market takes one of two values:
1. When the lower bound for promised utility is not binding, s = 0.
2. When the lower bound for promised utility is binding, s = s∗ > 0.
The intuition behind corollary 1 is clear. If promised utility is above its lower bound,
consumption is higher than c and hence, there is no incentive for participation in the hidden
labor market—the marginal costs are higher than the marginal beneﬁts of participation.
Once promised utility reaches its lower bound, payments are zero so the level of participation
in the hidden labor market is the one setting the marginal costs equal to marginal beneﬁts,
s∗ > 0.
Previous corollary highlights a key property of the optimal contract in the case of linear
eﬀort-cost function; namely, initially, the planner does not encourage participation in the
hidden labor market. The explanation for this somehow unexpected result is that, once
the planner induces participation, it completely loses the ability to punish the individual
through reduction in consumption. Moreover, as it will be clear in the numerical exercise,
this property is still present, to some extent, in the case of non-linear eﬀort-cost function.
In summary, there are two diﬀerent phases during unemployment. During the ﬁrst phase,
payments (consumption) decrease smoothly without reaction of hidden labor market participation. It is because the payments are relatively high and hence the marginal cost of par21

ticipation is higher than its marginal beneﬁt. However, as payments decline, the marginal
beneﬁt of participation increases, and participation is eventually optimal. At that point
the last phase of unemployment starts. In this phase, with positive participation, linearity
and incentive compatibility uniquely determine the consumption level (c). At that level of
consumption, promised utility can be provided with zero payments (any positive payments
deliver a higher lifetime utility). Thus, during this phase, zero payments become optimal.

4

Quantitative analysis

The quantitative analysis in this section shed light on the case of non-linear eﬀort-cost function. The ﬁrst subsection presents the calibration strategy. The next subsection describes
the dynamics of unemployment beneﬁts, job search eﬀort and informal sector participation
under the optimal contract. Finally, the path of unemployment payments is analyzed further
with a comparison with alternative environments.14

4.1

Calibration

Functional forms are standard. Preferences over consumption goods are described by a
CRRA function with relative risk aversion coeﬃcient σ, the job ﬁnding probability function
is p(a) = 1 − exp(−ρa), and the cost of eﬀort function is v(a) = aγ /γ.
A key preliminary question regarding the calibration is, Which economy should be considered for the benchmark calibration? Quantitative research usually uses the U.S. economy.
However, this environment naturally applies to developing countries, where the unemployment rate and the informal sector size are high. When working with developing countries,
certain problems arise, however. First, it is hard to ﬁnd reliable data for the informal sector.
14

More details on the calibration and the numerical algorithm are presented in the online Appendix.
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More importantly, there is not accurate information about uniﬁed and explicitly designed
unemployment insurance systems. Given this restriction, a valid alternative is the Spanish
economy at the end of the ’90s. The advantage of this choice is that it combines the importance of unemployment risk and the informal sector with the availability of information.15
Most of the parameters are taken from previous literature. Each period is a month, so
the discount factor is β = 0.994 (annual interest rate of 7.5%). Individuals’ productivity, ω,
and eﬀort in the formal labor market, o, are normalized to 1. Data about average tenure
in Spain prescribes δ = 0.015.16 The relative risk aversion coeﬃcient, σ, is set equal to 2,
which is a common value in the real business cycle literature.17
There are two more parameters that need to be calibrated: the parameter in the jobﬁnding probability function, ρ, and the wage in the informal sector, . The calibration
strategy uses the actual unemployment insurance scheme instead of the optimal contract. For
plausible combinations of ρ and , the stationary distribution is computed for an economy in
which agents take as given the Spanish unemployment insurance scheme. The unemployment
rate and the informal sector size are computed using this distribution. These outcomes are
then compared with those in the data. The calibration consists of ﬁnding values of ρ and
 compatible with the targets. Using the actual Spanish unemployment insurance scheme
rather than the optimal is natural since the unemployment rate and the informal sector size
in the data are outcomes of the individuals’ reactions to the actual system.
The calibration matches the unemployment rate and informal sector size in Spain for
15

A possible concern is that in the last 20 years unemployment rate, informal sector participation, and labor
market regulations have changed signiﬁcantly in Spain. Although this concern may imply that the conclusions
of this exercise may not apply to the current Spanish economy, it does not invalidate the application for
developing countries, whose current labor market structure is similar to that used in the calibration.
16
According to Arranz and Garca-Serrano (2004) the average tenure in the private sector is around 6 years.
17
Diﬀerent values have been used in the literature on optimal unemployment insurance. Pavoni (2007)
works with log preferences (σ = 1) while Hopenhayn and Nicolini (1997) set σ = 0.5.
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1997. Unemployment rate, μ, was 18.5 percent while production in the informal sector as a
proportion of the GDP, ζ, was 23 percent—Schneider and Enste (2000). Table 1 summarizes
our calibration. With these parameters the artiﬁcial economy reproduces μ = 0.1787 and
ζ = 0.2326, very close to the targets.

Parameter
β
σ
γ
ω
o
δ
ρ


4.2

Table 1: Calibration strategy
Value Description
Basis and Targets
0.994 Discount factor
Interest rate
2
Relative risk aversion coeﬃcient
Standard
2
Search cost elasticity
Standard
1
Productivity in formal sector
Normalization
1
Eﬀort when employed
Normalization
0.015 Separation rate
Average tenure
0.045 Parameter in probability of ﬁnding a job Unemployment rate
0.415 Wage in informal sector
Informal sector size

Optimal policy

The inclusion of a hidden labor market is crucial in determining the optimal UI scheme.
Figure 1 shows the path for search eﬀort and hidden labor market participation and Figure
2 depicts the optimal unemployment payments and consumption. In both ﬁgures, the initial
promised utility is associated with a “typical” unemployed individual with whom the planner
breaks even. Both ﬁgures are separated into three phases that are important for understanding the eﬀect of the hidden labor market. The analysis of those phases is postponed until
the next subsection.
Figure 1 indicates that the optimal participation in the hidden labor market is initially
zero and search eﬀort increases with the unemployment spell. This phase resembles the
results in Hopenhayn and Nicolini (1997). After approximately 2.5 years of unemployment,
when eﬀort peaks, participation jumps and search eﬀort drops. After that point, participa24

Figure 1: The dynamics of search
and participation.

Figure 2: The dynamics of payments,
consumption, and net wages.

tion increases and search eﬀort decreases gradually toward fairly steady levels. Some aspects
are remarkable from this behavior. First, required eﬀort is not monotonically increasing in
the unemployment spell. The reason is that in order to induce an increase in participation in
the hidden labor market, it is optimal to reduce the search eﬀort such that the marginal cost
of inducing participation falls. Second, in the early phase of unemployment, individuals are
fundamentally searchers with no participation in the hidden labor market. Thus, it is very
likely that unemployed individuals ﬁnd a job before they start to participate in the hidden
labor market.
Figure 2 shows that unemployment payments and consumption are equal and decrease
smoothly while the agent is not participating in the hidden labor market. Net wages are
also decreasing during the unemployment spell. This means that taxes will be higher for
worker that spent more time unemployed.18 When participation jumps, payments drop to
zero and consumption is slightly increasing thereafter. The rise in consumption is related to
18

The same result was ﬁrst found by Hopenhayn and Nicolini (1997).
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the decrease in promised utility during this phase. Since payments are at zero, decreasing
promised utility means that taxes after reemployment will be higher. As a consequence,
unemployed individuals substitute search eﬀort with hidden labor market participation and,
therefore, enjoy higher consumption. The next subsection provides further analysis of the
optimal path of unemployment payments.

4.3

More on the optimal proﬁle of unemployment payments

In order to identify the key elements shaping the payment proﬁle in each phase, it is useful to compare the optimal paths of payments under alternative environments. The ﬁrst
environment is the same presented in Pavoni (2007), parameterized according to Table 1.
The planner’s problem in this case is a simpliﬁcation of problem (21). In particular, the
constraint (24) is excluded and participation in the hidden labor market is set at zero, s = 0.
The second environment considered is one in which participation in the hidden labor market
is observable by the planner. The problem is basically (21) but without constraint (24). This
second alternative environment diﬀers from Pavoni (2007) in that s is not set at zero but
chosen optimally. In the three environments, the lower bound for promised utility is given
by the system (7)-(8).
Figure 3 shows the unemployment payments proﬁle in each case. In addition, Figure 4
shows the left-hand side of constraint (24) with a negative sign. A positive value in this ﬁgure
indicates that individuals want to participate in the hidden labor market more than that
which is prescribed by the contract.19 This variable, together with the level of participation
in the hidden labor market, deﬁne three phases during the unemployment spell.20 What does
19

This term is meaningless for Pavoni’s case and is therefore excluded.
Let this variable be refereed as −LHS24 . Then, in Phase 1, −LHS24 < 0 and s = 0; in Phase 2,
−LHS24 = s = 0; and ﬁnally, in Phase 3,−LHS24 = 0 and s > 0.
20
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the payments scheme look like in each environment? First, let us focus on Pavoni (2007).
Unemployment payments decrease during the unemployment spell, and, more importantly,
as promised utility approaches its lower bound, payments decrease faster and faster. Eventually, the individual cannot be further punished and the payments stabilize at a positive value.
For the observable-s environment, the payment proﬁle becomes steeper with the unemployment spell. The main diﬀerence relative to Pavoni (2007) is that now payments drop to zero.
This can happen because in this context individuals can smooth out consumption by participating in the hidden labor market. In terms of incentive compatibility, it is remarkable that
the plan prescribed by the optimal contract in this environment is not implementable if s is
not observable. As Figure 4 shows, the constraint (24) is violated by this contract. Now focus
on the benchmark case. In phase 1, payments decrease even faster than in the alternative
environments. This happens while the constraint (24) is not binding with zero hidden labor
market participation. However, eventually the constraint (24) becomes binding and a fast
decrease in payment is not compatible with zero participation. This is where the contract
with a hidden labor market diﬀers from the other environments. In this case, the payment
proﬁle becomes ﬂatter to prevent the individual from participation in the hidden labor market. The ﬂattening in the payment scheme is the main implication of the non-observability of
hidden labor market participation. During all of phase 2, participation is set at zero but the
constraint (24) is binding. Here, incentives are mainly introduced by decreasing promised
utility. Eventually, the accumulated drop in promised utility is only implementable by an
abrupt decline, down to zero, in unemployment payments. The elimination of payments
and the associated jump in hidden labor market participation (see Figure 1) represent the
beginning of phase 3. As in the case in which participation in the hidden labor market is
observable, the optimal contract provides no payment for individuals with suﬃciently large
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unemployment spells. In sum, the non-observability of the hidden labor market is responsible for the ﬂattening in the payment schedule (phase 2), while the existence of a hidden
labor market (that can be used as a source of income) is responsible for the optimality of
the elimination in unemployment payments for a suﬃciently long unemployment spell.

Figure 3: Payment proﬁle.

Figure 4: Constraint (24).

Phase 2 and 3 are the novel features in the payment proﬁle relative to the standard
optimal unemployment insurance problem. The question is, how relevant are these two
phases from a quantitative point of view? In order to answer this question, the distribution of
workers across the diﬀerent phases that arise under the optimal contract with a hidden labor
market are considered.21 Table 2 reports the results for some selected groups of potential
experience.22
Two aspects are remarkable from Table 2. First, phase 2 is quantitatively the most
important. Indeed, between 60 percent and 70 percent of unemployed individuals with ﬁve
21

To compute this distribution, start the economy with a large number of unemployed individuals to whom
the contracts deliver the same lifetime utility. Set this initial lifetime utility such that the planner breaks
even with each individual. Then, simulate large paths for labor status, as well as for continuation values. If
the individual is unemployed, also simulate paths for participation in the hidden labor market and eﬀort.
22
Potential experience is equivalent to years in the labor market.
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Table 2: Conditional distribution of unemployed individuals across UI phases
Potential
experience
5
10
15
20
25
30
35

1
0.260
0.235
0.230
0.225
0.218
0.211
0.207

Phase
2
0.602
0.657
0.661
0.671
0.677
0.690
0.695

3
0.138
0.108
0.109
0.103
0.105
0.099
0.098

or more years in the labor market are in this phase. Second, there exists a signiﬁcant number
of individuals receiving no payments. In fact, around 10 percent of unemployed individuals
with ﬁve or more years in the labor market are receiving zero payments.
Finally, it is worth noticing that the preceding analysis suggests that a simple 2-step
system looks closer at the optimal payment scheme than previous literature suggested. The
initial two phases have to be generous enough to keep the individual out of the secondary
labor market, while the last step is characterized by no payments at all. This is important
because many countries have unemployment protection programs with that structure (e.g.
United States).

5

Conclusions

The problem of the optimal unemployment insurance has been studied from the perspective
of a principal-agent framework since the pioneering work of Shavell and Weiss (1979). Early
literature mainly focuses on the moral hazard problem arising under non-observability of
search eﬀort. More recent works also emphasize the non-observability of assets. However,

29

the implications of the existence of a hidden labor market were unknown. This was an important omission in the unemployment insurance literature because the incorporation of a
hidden labor market has non-trivial consequences. Moreover, understanding the role of a
hidden labor market is highly relevant because it represents a sizeable segment of the labor
market in many countries. This paper ﬁlls this gap by providing an environment in which unemployed individuals can simultaneously search for a job and participate in the hidden labor
market. There are three main ﬁndings. First, the presence of a hidden labor market imposes
an endogenous lower bound for promised utility and, unless the eﬀort-cost function is linear,
an extra incentive-compatibility constraint must be added. Second, with the linear eﬀortcost function, there are two important phases. In the initial phase, consumption decreases
during unemployment and individuals do not participate in the hidden labor market. In the
next phase, which starts after suﬃciently large unemployment spells, consumption remains
constant, payments become zero and participation jumps to a positive constant. Third, with
a non-linear eﬀort-cost function, there exist an intermediate phase. There, participation in
the hidden labor market is zero but individuals are indiﬀerent between increasing participation or not (the incentive compatibility constraint for s is binding). This implies that the
payment proﬁle must be relatively ﬂatter to avoid participation and to keep search eﬀort
high. This phase, together with the subsequent drop in payments, diﬀerentiate this work
from previous literature. As a whole, the optimal unemployment insurance with a hidden
labor market is simple—with a relatively ﬂat phase and with no payments for long-term
unemployed individuals—and looks similar to unemployment protection programs in many
countries.
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Appendix
All proofs
Proof of lemma 1
Proof: First notice that that optimality requires
mt+1 = mt = e ⇒ Ut (W; ht ) = Ut+1 (W; ht+1 ).

(39)

Now, suppose by contradiction that at any arbitrary period of time T, the constrained
eﬃcient contract W ∗ = (P ∗ , I ∗ ) delivers a promised utility UT (W ∗ ; hT ) < U . We prove this
violates incentive compatibility by constructing a feasible deviation for any possible labor
status mT providing a promised utility higher than U .
 with (
at (ht ), 
st (ht )) = (0, s∗ ) if
• If mT = u, consider the following feasible deviation P,
 I); hT ) =
at (ht ), st (ht )) = (0, 0) if mt = e. Clearly, P ∈ A and UT ((P,
mt = u, and (
U > UT ((P, I); hT ). Hence, the contract W ∗ is not incentive compatible and, therefore,
cannot be the constrained eﬃcient contract.
• If mT = e, deﬁne T as the ﬁrst period of that employment spell. By property (39),
UT (W ∗ ; hT ) = UT (W ∗ ; hT ). Now consider the situation in T −1. By deﬁnition, mT −1 =
u. Moreover, since mT = e, it must be the case that the contract prescribes aT −1 (·) > 0.
However, if UT (W ∗ ; hT ) < U , it must be the case that aT −1 (·) > 0 is not compatible
incentive because a deviation with 
aT −1 (·) = 0 implies higher promised utility than U .
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To see this, notice that since v is strictly increasing,
UT −1 (W ∗ ; hT −1 ) = u(cT −1 ) − v(sT −1 + aT −1 )+
β[p(aT −1 )UT (W ∗ ; hT |mT = e) + (1 − p(aT −1 ))UT (W ∗ ; hT |mT = u)]
< u(cT −1 ) − v(sT −1 )+
β[p(aT −1 )UT (W ∗ ; hT |mT = e) + (1 − p(aT −1 ))UT (W ∗ ; hT |mT = u).]
We showed in the ﬁrst part of this proof that during unemployment, promised utility
must be at least U; i.e.,
U ≤ UT −1 (W ∗ ; hT |mT = u).
Then if UT −1 (W ∗ ; hT |mT = e) < U ,
UT −1 (W ∗ ; hT −1 ) < u(cT −1 ) − v(sT −1 ) + βUT (W ∗ ; hT |mT = u).

(40)

The last expression indicates that W ∗ , which prescribes aT −1 > 0, is not incentive compatible because a deviation with 
aT −1 = 0 provides a higher utility to the individual.
Hence, W ∗ cannot be the constrained eﬃcient contract.

Proof of lemma 2
Proof: Take U ≥ U and consider the contract W. For each t and ht it assigns bt (ht ) = b̃,
st (ht ) = s̃, at (ht ) = 0, and wt (ht ) = w̃. Deﬁne (b̃, w̃, s̃) by
u (b̃ + s̃) = v  (s̃),
U=

u(b̃ + s̃) − v(s̃)
, and
1−β
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(41)
(42)

u(b̃ + s̃) − v(s̃) = u(w̃) − v(o).

(43)

By construction, u(ct (ht ))−v(xt (ht )) is constant across time and histories and Ut (W; ht ) = U.
It remains to be proven that W ∈ C. Since deviations are only possible during unemployment
and a contract is incentive compatible against any possible deviation if and only if it is
incentive compatible against a one-period deviation, incentive compatibility implies that for
each t and each ht

U ≥ max u(b̃ + s) − v(s + a) + βU,
(s,a)

s.t. a ≥ 0, s ≥ 0, and s + a ≤ ϑ.

(44)

In (44) we impose the fact that for each history and period, Ut (W; ht ) = U. Clearly, (44) is
satisﬁed because the solution of the maximization problem implies a = 0 and s = s̃. Hence,
W ∈ C(U; h0 ).

Proof of lemma 3
Proof: The proof is straight forward. The ﬁrst best contract is characterized by
(s :) − u (b + s) + v  (s + a) ≥ 0,
(b :)

1
= λ,
u (c)

(45)
(46)



(U u :) λ + V u (U u ) = 0,

(47)



(U e :) λ + V e (U e ) = 0,

(48)

(a :) βp(a)[V e (U e ) − V u (U u )] = λ[v  (a + s) − βp (a)(U e − U u )].

(49)

Under observability of eﬀort, (23) is not relevant while (24) is satisﬁed by (45).
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Proof of lemma 4
Proof: Consider the following Relaxed Problem:
VRu (U) =

max

b,e,s,U e,U u

−b + β[p(a)V e (U e ) + (1 − p(a))VRu (U u )]

(50)

s.t.
u(b + s) − v(s + a) + β[p(a)U e + (1 − p(a))U u ] − U = 0

(51)

βp (a)[U e − U u ] − v  (s + a) = 0

(52)

(U e , U u ) ∈ Φ2

(53)

s ≥ 0.
We need to prove that if v is linear, the solution for (50) also solves (21). To that end,
denote D(U) the set of all (b, a, s, U u , U e ) satisfying (23),(24),(22), (25), and non-negativity
for s. Likewise, denote DR (U) the set of all (b, a, s, U u , U e ) satisfying previous restrictions
but (24). Clearly D(U) ⊆ DR (U). Hence, VRu (U) ≥ V u (U). Notice however that
(ẽ, s̃, Ũ e , Ũ u ) ∈ argmaxDR (U ) VRu (U)
satisﬁes (24). To see this, take ﬁrst order condition with respect to s and notice that λ > 0
and φ ≥ 0. In consequence, (ẽ, s̃, Ũ e , Ũ u ) ∈ D(U) and solves (21); otherwise, it will not be
true that VRu (U) ≥ V u (U).

Proof of lemma 5
Proof:
1. First observe that μ2 = 0.23 To see this, notice that if s = 0, constraint (24) does
not bind and, by complementary slackness, μ2 = 0. On the other hand, if s > 0,
23

This is consistent with lemma (4), which indicates that with a linear eﬀort-cost function, incentive
compatibility constraint (24) is not needed to formulate the constrained planner’s problem.
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equation (32) implies μ2 u (b + s) = 0 and then μ2 = 0. Now, manipulating ﬁrst
order conditions, and letting ξ u = 0, we ﬁnd
1
p (a)
1
−
=
μ
> 0.
1
u (ct ) u (ct+1 )
1 − p(a)

(54)

Finally, by strict concavity of u we have ct > ct+1 .
2. The lower bound may be violated only if b < c. In that case, s = 0 is not incentive
compatible. Since participation in the hidden labor market must be optimal from the
agent’s point of view, it will solve u (b + s) = α. This implies that whenever the
unemployed individual participates in the hidden labor market, c = b + s = c.
3. Suppose by contradiction that constraint (25) never binds. Then, we can write problem
(21) without it. Moreover, by corollary (1), st = 0 for each t. As a consequence,
problem (21) collapses into the problem studied by Hopenhayn and Nicolini (1997)
with no hidden labor market participation and no relevant bound for promised utility.
As shown in Proposition 3 in Pavoni (2007), in this environment Ut falls below any
bound with positive probability. This contradicts lemma (1).

Proof of lemma 6
Proof:
1. Let U = U , using the ﬁrst-order condition with respect to U u and envelope condition,
we get




V u (U u ) − V u (U ) = μ1
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ξu
p (a)
−
.
(1 − p(a)) β(1 − p(a))

Clearly U u < U is not possible because it violates (25). Suppose then that U u > U .
This implies (25) does not bind and hence ξ u = 0. However if ξ u = 0, the concavity
of V u implies U u ≤ U , which contradicts our assumption that U u > U . Therefore, it
must be that U u = U.
2. Previous results showed that there exists a t∗ such that Utu = U and ct = c(U) ≡ c
for each t > t∗ . By lemma (5), c ≥ c, which rules out c < c. We prove c > c is not a
solution. Suppose by contradiction that c > c. Since u (c) < α, at this point s = 0.
Let a be the search eﬀort prescribed in the optimal contract. We can write
u(c) − v(a) + β[p(a)U e + (1 − p(a))U ] ≥
u(c) + βU > u(c) − v(s∗ ) + βU ≡ U .
The ﬁrst inequality arises form the fact that incentive compatibility requires that the
utility delivered by the contract is not lower than the one associated with any feasible
deviation, in particular with s = a = 0. The second strict inequality arises form our
assumption that c > c and from the fact that v and u are strictly increasing. However,
this implies that in the contract the planner is delivering a lifetime utility strictly
higher than the one promised, which is not optimal. Hence c = c.

Proof of proposition 1
Proof: When the lower bound for U does not bind, consumption is strictly decreasing and
above c. Since in this phase st = 0, b = c and, therefore, unemployment payments also
decrease. When U = U , b is constant at b because U u (U ) = U . Suppose, by contradiction,
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b > 0. By incentive compatibility, the contract must deliver a utility consistent with an
individual’s best response, that is, the lifetime utility is
Ũ ≡ max u(b + s) − v(a + s) + β[p(a)U e + (1 − p(a))U ].
a,s

Moreover, this utility must be as good as any deviation, in particular one in which search
intensity is set to zero and s is set optimally. That is,
Ũ ≥ max u(b + s) − v(s) + βU ≡ Û .
s

Since u is strictly increasing,
Û > max u(s) − v(s) + βU ≡ U.
s

This implies that there exists a feasible reduction in b that increases the planner’s surplus.
Therefore b > 0 is not optimum.

Proof of corollary 1
Proof:
1. Suppose by contradiction that at a certain period st = 0 but the lower bound for
promised utility has not been reached. By lemma (2), ct = c, but since U u > U, by
lemma (1), ct+1 < ct = c which is a contradiction.
2. The proof is trivial. When U = U , b=0. Then, by incentive compatibility for s, s = s∗ .

Numerical algorithm
1. Deﬁne a grid for promised utility: U = {U1 , ..., UN }. The range of U is set such that
U1 = U and UN is big enough to guarantee that the value functions become negative.
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2. Deﬁne search eﬀort grids for eﬀort and participation: Ef = {a1 , ..., aM } and S =
{s1 , ..., sM }, where a1 = s1 = 0, and aM and sM are big enough to avoid grid-dependent
corner solutions.
3. Make an initial guess V u,0(U) = V u,F B (U) for each U ∈ U, where V u,F B (U) is the ﬁrst
best planner’s surplus. For values out of the grid, use a piece-wise linear interpolation.
4. Iteration i starts. Get V u,i+1 = T V u,i as follow:
(a) Suppose s = 0. Use equation (33) to obtain b. Given b, for each a ∈ Ef use
(23) and (22) to solve for the values of U e and U u . Choose the combination
{a, b, U e , U u } maximizing (21). Check if (24) is satisﬁed for s = 0. If it is satisﬁed,
the maximization ends. If not, go to the next step.
(b) Look for the best solution {a, s} ∈ Ef × S, using (23), (24) and (22) to solve for
the corresponding b, U e and U u .
5. Check convergency. That is, given a metric d, evaluate d(V u,i , V u,i+1 ) > . If so, let
V u,i = V u,i+1 and go to (4); otherwise end.

More on the calibration strategy
In Spain, unemployed individuals qualify for beneﬁts if they have contributed to social
security over a minimum period in the previous years. Depending on their employment
duration, unemployed individuals receive payments from 4 months to a maximum of 2 years.
After that period, they qualify for an unemployment subsidy. A typical individual receives a
subsidy equivalent to 70 percent of the previous wage (70 percent replacement ratio) during
the ﬁrst 6 months, and a 60 percent replacement ratio for the next 18 months. Unemployment
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subsidy is 80 percent of the minimum wage. This implies a replacement ratio of 30 percent
after two years of unemployment.24 Taxes ﬁnancing the system are set at 5 percent.
Individuals decide eﬀort and hidden labor market participation to maximize their lifetime utility, taking as given the actual unemployment insurance scheme. This scheme is
represented by (τ, {bn }∞
n=1 ), where subindex n refers to unemployment duration. Since bn is
constant for n ≥ n∗ = 25, the agent’s problem has the following recursive representation:
u
V̂nu = max u(bn + s) − v(a + s) + β[p(a)V̂ e + (1 − p(a))V̂n+1
], ∀n ∈ {0, 1, ..., n∗ − 1}
a,s

V̂nu∗ = max u(bn + s) − v(a + s) + β[p(a)V̂ e + (1 − p(a))V̂nu∗ ], ∀n ≥ n∗
a,s

V̂ e = u(ω(1 − τ )) − v(o) + β[(1 − δ)V̂ e + δ V̂0u ],
where V̂nu is the lifetime utility of an unemployed agent with unemployment spell n, and V̂ e
corresponds to lifetime utility of an employed agent.
The backward solution to the previous problem provides policy functions an and sn that
can be used to compute the stationary distribution of agents over unemployment spell, Ω̄.
The stationary distribution is a ﬁxed point of the transition law
Ω0 = 1 −


n


Ωn δ

Ωn = (Ωn−1 (1 − p(an−1 )) ∀n < n∗ ,
Ωn∗ = [Ωn∗ −1 (1 − p(an∗ −1 )) + Ωn∗ (1 − p(an∗ ))].
In the stationary distribution, we measure the unemployment rate and the informal sector
size by
μ=
24


n

Ω̄n (1 − sn ),

This number is obtained dividing 80 percent of the minimum wage by the income per capita.

42

ζ=
where χ =


n

χ

,
χ + (1 − n Ω̄n )ω

Ω̄n sn is the average participation in the hidden labor market.

In the ﬁgures, a “typical” unemployed individual is chosen as one who entered into the
job market 10 years ago. Individuals enter the market with promised utility that solves
V u (U) = 0. Before setting it equal to zero, the planner’s surplus function was adjusted
to account for administrative costs. According to data from the “Ministerio de Trabajo y
Asuntos Sociales”, available at www.mtas.es, just above 10 percent of the expenditures on
social assistance went to administrative costs during 1999.

Notation
• An individual’s labor status, mt , is equal to ut if the individual is unemployed and to et otherwise.
• The employment history of an individual up to time t is represented by ht = (m0 , ..., mt ).
• The wage in the secondary or hidden labor market is represented by .
• Eﬀort in the secondary or hidden labor market is represented by s.
• Individuals employed in the formal sector—employed individuals—must exert a constant work eﬀort
o, and their productivity is ω.
• Individuals employed in the formal sector—employed individuals—receive wages (after taxes) w.
• Employment relationships end exogenously with probability δ.
• Search eﬀort during unemployment is represented by a.
• The job-ﬁnding probability is represented by the function p.
• Total eﬀort is represented by x.
• The function u reﬂects the utility from consumption.
• The function v measures the cost of eﬀort exerted either searching for a job, participating in the
hidden labor market or working in the formal sector.
• The parameter β ∈ (0, 1) represents the discount factor.
• The interest rate is constant at r = 1/β − 1.
• A contract or unemployment insurance system is represented by W.
• The value of unemployment payments is represented by b.
• The set of direct instruments available to a planner is represented by I = {...}.
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• The set of prescriptions for non-observable individuals’ actions that a planner decides on is represented
by P = {...}.
• The set of feasible contracts is represented by A.
• A individual’s consumption is represented by c.
• The value of a planner’s payoﬀs is represented by y.
• The term Ut (W; ht ) represents the individuals’ promised utility associated with the contract W from
a particular history ht .
• The term Vt (W; ht ) represents the planner’s continuation value associated with a contract W; ht .
• The lower bound for U is represented by U .
• The promised utility provided by the constrained eﬃcient contract is represented by W ∗ .
• The term C(U ; h0 ) represents the set of incentive-compatible contracts.
• The value u represents the upper bound of the function u.
• The set of promised utilities lower than U such that C(U ; h0 ) = ∅ when h0 = m is represented by
Pm .
• The set of promised utilities that the contract can deliver is represented by P.
• A recursive contract, or unemployment insurance system, is represented by W R .
• The set of one-period feasible actions is represented by E.
• The set of one-period best responses of individuals, taking as given unemployment payments and
promised utility, is represented by M.
• Promised utility for unemployed individuals getting a job next period is represented by U e .
• Promised utility for unemployed individuals remaining unemployed next period is represented by U u .
• The value function deﬁning lifetime beneﬁts for a principal oﬀering the contract to an unemployed
individual is represented by V u .
• The value function deﬁning lifetime beneﬁts for a principal oﬀering the contract to an employed
individual is represented by V e .
• The upper bound for total eﬀort is represented by ϑ.
• The term Mf oc represents the set of all (a, s) ∈ E such that the constraints ICC1-ICC2 are satisﬁed.
• The function f is deﬁned by f (a, s) ≡ u(b + s) − v(a) + β(p(a)U e + (1 − p(a))U u ).
• The derivative of V x with x ∈ {e, u} is represented by V x .
• Promised utility for employed individuals keeping the job next period is represented by Ũ e .
• Promised utility for employed individuals losing the job next period is represented by Ũ u .
• The multiplier associated with ICC1 is represented by μ1 .
• The multiplier associated with ICC2 is represented by μ2 .
• The multiplier associated with the non-negativity constraint for s is represented by φ.
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• The multiplier associated with PKC is represented by λ.
• The multipliers associated with constraints FCU for U u and U e , are ξ u and ξ e , respectively.
• The term t∗ represents a period t such that Utu∗ = U .
• The lower bound for consumption—under linear v—is represented by c.
• The level of consumption prescribed by the contact—under linear v— once the lower bound for
promised utility is reached is represented by c.

45

